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A theory of dispersion in a porous medium 


By P. G. SAFFMAN 


Cavendish Laboratory, University of Cambridge 
(Received 16 January 1959) 


This paper is concerned with the dispersion of a dynamically neutral material 
quantity in a fluid flowing through a porous medium. The medium is regarded as 
an assemblage of randomly orientated straight pores, and it is assumed that the 
path of a marked element of the material quantity consists of a sequence of 
statistically independent steps whose direction and duration vary in some 
random manner. The probability density function for the displacement of a single 
marked element is calculated and values for the dispersion of a cloud of marked 
elements then follow. 

The case is examined in which the flow satisfies Darcy’s law (i.e. the mean 
velocity is linearly proportional to the mean pressure gradient), and the mole- 
cular diffusivity is sufficiently small for the dispersion to be primarily due to the 
randomness of the streamlines, but it is not assumed that effects of molecular 
diffusion can be altogether neglected. It is shown that the longitudinal dispersion 
in the direction of the mean flow may be described asymptotically by an effective 
diffusivity which isa function of U,l,a,« and 7. (U denotes the average velocity, 
1 the pore length, a the pore radius which is shown to be related to the per- 
meability, « the molecular diffusivity, and 7 the time from the initial instant.) 
Expressions for the longitudinal diffusivity «, are obtained according to the 
relative values of 1/U, 7, ty = 1?/2« and t, = a?/8x. These are given in $4, equa- 
tions (4.3), (4.4) and (4.5). Speaking roughly, when ¢, > 7 >1/U,x%,/Ul is a 
logarithmic function of U7'/] and increases with 7’; when T' > t, > 1/U, which 
must eventually be the case however small k, x,/Ulis a logarithmic function of Ul/k 
and independent of 7’. The theoretical results are compared with experimental 
data reported in the literature and approximate agreement is obtained when / is 
put equal to the average diameter of the particles composing the porous medium. 

The lateral dispersion in the direction perpendicular to that of the mean 
velocity is found to be governed asymptotically by an effective diffusivity 
kK, = ;3;Ul. However, it is pointed out that some of the assumptions, namely that 
successive steps are statistically independent and that the dispersion of a cloud 
follows immediately from the statistical properties of the displacement of a single 
marked element, may not be valid for the lateral dispersion and this result is 
therefore suspect. 

Remarks are made in §5 on the dispersion for high values of the Reynolds 
number Ul/pv (v = kinematic viscosity) when Darcy’s law is not obeyed, and it is 
argued that x,/Ul should decrease as Ul/v increases. 
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1. Introduction 


When a viscous fluid flows through the pores and voids of a porous medium, 
such as a bed of sand, a tower of small glass beads, a porous rock like limestone, 
etc., a material quantity carried by the fluid (e.g. a substance in solution or heat) 
is dispersed by molecular diffusion and by what may be called ‘convective’ or 
‘mechanical diffusion’. The latter effect arises from the irregular pattern of the 
streamlines through the pores and voids, and the consequent tendency for fluid 
elements which are originally close together to become separated. The situation 
is in fact somewhat analogous to that of turbulent diffusion, the difference being 
that in a porous medium the irregularity of the streamlines arises from the com- 
plicated geometrical structure of the medium instead of from random solutions 
of the Navier-Stokes equations. 

The purpose of this paper is to examine the ‘convective diffusion’ of a dynami- 
cally neutral material quantity or, as is equivalent, the phenomenon of ‘miscible 
displacement’ when a viscous fluid is expelled from a porous medium by another 
fluid of identical viscosity and density with which it is completely miscible, since 
in this case the relative concentrations of the fluids may be regarded as a dynami- 
cally neutral material quantity. In an actual flow further complications are often 
present; for example, adsorption of the material quantity on the solid material 
of the medium may occur, the physical properties of the fluid may vary signi- 
ficantly with the concentration of the material quantity, etc. Such effects are 
often of great practical importance, but we shall not consider them here at all. 

The detailed structure of the medium is usually highly irregular and only a few 
statistical properties are in practice available. A detailed solution for the flow 
pattern is therefore not a practical possibility, and even if it were it is doubtful 
whether it would be useful because of its complexity. However, the quantities of 
interest are often spatial averages; for instance, the filter velocity which is the 
flux of fluid per unit area of the medium, the ‘average’ or interstitial velocity 
which is the spatial average of the velocity over the region occupied by fluid,* and 
the mean pressure gradient and mean concentration of a material quantity which 
may be likewise defined. (It need hardly be pointed out that the spatial average is 
a useful concept only if the medium and the flow are effectively statistically 
homogeneous over a region large compared with the dimensions of the grains or 

* The average velocity is in fact the filter velocity divided by the porosity (the fraction 
of porous media actually occupied by fluid), since the filter velocity is 


[uas/ fas = fuar/| dV 


where dS and dV denote elements of area and volume of the porous media and u is the 
velocity of the fluid. The average velocity is 


fuar’/| aV’ = [uar/o | dV, 


where dV’ is an element of volume entirely occupied by fluid, since u = 0 if dV + dV’ 
and by definition e 


jer’ = [av, 


d 


where o denotes the porosity. 











ee ee oe 


as 


on 

















A theory of dispersion in a porous medium 323 


pores.) It seems reasonable to suppose that the various ways in which such 
averages may depend upon one another will not be greatly affected by changes in 
the detailed structure of the medium which leave its statistical properties un- 
altered, and that it will be profitable to consider not the flow through an actual 
porous medium but a simple model of such a flow, the model being constructed so 
that it appears to correspond in essentials with the actual fiow, and is capable of 
mathematical analysis. Scheidegger (1957) gives an account of various models 
which have been put forward to calculate the permeability (i.e. resistance to flow) 
of porous media. 

A ‘random-residence-time’ model for longitudinal dispersion has been put 
forward and developed by several writers (see, for example, McHenry & Wilhelm 
1957, where other references are given). (When the average velocity is uni- 
directional, the dispersion in the same direction is termed longitudinal or axial 
dispersion, and that in the perpendicular directions lateral or transverse dis- 
persion; there is no reason why these should be equal even though the medium is 
statistically isotropic.) Briefly, this theory considers the flow through a sequence 
of cells in each of which there is complete mixing, i.e. in which the probability of 
a fluid element leaving a cell in any interval of time is independent of the length of 
time it has been in the cell. The time of passage of a fluid element through a length 
of the porous medium is then the sum of the times spent in each cell, and is a 
random function which tends to a Gaussian form with a variance proportional to 
the number of cells as this number becomes large. It can then be shown that the 
longitudinal dispersion is described by the diffusion equation with an effective 
diffusivity proportional to the product of the average velocity and the length of 
each cell. Identifying this length with the diameter of the solid particles of which 
the medium is composed, one obiains values in reasonable agreement with 
experimental observations at values of the Reynolds number, based on the 
average velocity and average particle size, in the range 50-200. For these Reynolds 
numbers, the flow in the voids may be turbulent, producing fairly intensive 
mixing, so that the model appears to be a not unreasonable simplification of the 
actual flow. However, it does not lend itself to a study of lateral dispersion, and 
also the validity of the model to describe what happens at low Reynolds numbers 
is open to question. 

An alternative approach to the problem of dispersion is to follow the motion of 
a marked fluid particle, supposing that its path varies in some postulated random 
manner. The probability distribution of the displacement of a single fluid particle 
after a given time may then be calculated. If the distance traversed or the time 
taken is sufficiently large for the assumption to be valid that the paths of initially 
neighbouring particles become statistically independent, the dispersion of a 
marked volume of fluid can be obtained. 

Several writers (e.g. Baron 1952; Scheidegger 1954) have investigated dis- 
persion on the assumption that a fluid particle carries out a random walk con- 
sisting of a succession of statistically independent straight steps in equal small 
intervals of time. It follows from the Central Limit Theorem of statistics that the 
probability distribution function of the displacement is Gaussian with a variance 
proportional to the time, and hence that the dispersion is described by the 
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diffusion equation with the effective diffusivity related to the parameters of the 
random walk. 

This treatment is physically not entirely satisfactory, partly because the time 
is broken up into equal small intervals and it would be expected intuitively that 
a particle stays longer in a region where the velocity is small than where it is large, 
and also because it seems to predict that the dispersion is isotropic since there is 
no obvious mechanism whereby the velocity fluctuations about the mean, and 
thence the displacement about the mean position, are correlated with the direction 
of the average velocity. 

The present work originated in a suggestion by Sir Geoffrey Taylor that the 
dispersion might be investigated by taking as a model of the flow through a porous 
medium that through an assembly of randomly orientated and distributed 
straight pores, in each of which the flow is uniform. The pores are supposed to be 
connected with one another at the ends and several pores may start or finish at 
these end-points. The dimensions of the pores are to be taken as comparable with 
the size of the particles composing the bed. In other words, the medium is 
visualized as a lattice in which a randomly distributed set of points are connected 
to their neighbours by straight uniform pores. The path of a fluid particle may 
then be regarded as a random walk in which the length, direction, and duration 
of each step are random variables. The probability distribution function of the 
displacement of a fluid particle after a given time may then be calculated and a 
value for the dispersion obtained. 

One condition which must be satisfied in order that this model should apply to 
the actual dispersion of a material quantity is that the amount of dispersion that 
takes place is large compared with the dispersion there would be due to molecular 
diffusion acting alone as under static conditions, i.e. the effective diffusivity must 
be large compared with the molecular diffusivity. It will be assumed throughout 
this paper that this is the case. This is not to say, however, that molecular diffusion 
is entirely negligible; on the contrary, it will be found that the theory to be 
developed below predicts that in some cases the effective diffusivity is a loga- 
rithmic function of the molecular diffusivity (cf. Taylor (1953, 1954) where it is 
shown that the effective diffusivity describing the dispersion of a material 
quantity in a fluid flowing through a long capillary tube is inversely proportional 
to the molecular diffusivity). But it is expected that this theory is valid only if 
the molecular diffusivity is sufficiently small compared with the product of the 
average pore length and average velocity which, as will be seen, determines the 
order of magnitude of the effective diffusivity. It is worth mentioning in passing 
that there are physical circumstances of great interest (e.g. geothermal flows) in 
which ‘convective diffusion’ is small compared with molecular diffusion and may 
be entirely neglected. 

After this paper had been completed, it was discovered that Josselin de Jong 
(1958) had considered a similar model and obtained one of the results of this paper, 
namely that of equation (4.46) below. However, the model discussed in this 
paper is rather more general, and various results are obtained, that given by 
Josselin de Jong being a particular case apparently valid only for a certain limited 
range of the physical parameters. 
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2. Description of the model and formulation of the random walk 

In this section we describe the model for calculating dispersion in a porous 
medium which supposes that the medium is an assembly of randomly orientated 
straight uniform pores and that a marked particle moves along a random suc- 
cession of straight steps, each step corresponding to passage through one pore, of 
variable direction and duration. It is supposed that the medium is statistically 





homogeneous and isotropic, and that the average velocity or mean pressure 
gradient is constant and unidirectional. We take a co-ordinate system with the 
z-axis in the direction of the average velocity, and denote by / the length of a step, 
by @ the angle between the direction of motion along the step and that of the average 
velocity, by ¢ the azimuthal angle between the y-axis and the projection of the 
step on the yz-plane (0 < ¢ < 27), by f the duration of the step, and by q = l/t the 
velocity of the marked particle along the step. Then the displacement of a marked 
particle after n steps is a random variable with components parallel to the axes 





| n n n 

— —— ee ee Poe - 

| X, = D!,cos9,, Y, = yl,sin8,cos¢,, Z, = Yl,smG,sing,, (2.1) 
1 1 


and the time for n steps is the random variable 


n n 
T, = St. = D4 /¢,, (2.2) 
1 1 


| where the suffix r refers to the rth step. In order to obtain the probability distribu- 
tions of the various random variables, we must now examine the flow through the 
model. 
The velocity of the fluid through the pores 

Let us consider the average speed, @ say, of the fluid flowing through a particular 
pore, i.e. 7 is the flux of fluid through the pore divided by its cross-section area; it 
is in general a random quantity which varies from pore to pore. (It is called here 
the ‘average speed’ to distinguish it from the ‘average velocity’ which in this 
paper is a spatial mean over many pores.) 

We shall now suppose that the inertia of the fluid is negligible and that the 
motion through the pores is dominated by viscosity. In this case the Navier— 
Stokes equations which describe the motion of the fluid through the pores become 
linear and the average velocity will be linearly proportional to the mean pressure 
gradient and inversely proportional to the viscosity of the fluid. That is, Darcy's 
law is satisfied according to which 


Q = kP’/u, (2.3) 


where Q is the filter velocity, P’ is the mean pressure gradient, j is the viscosity, 
and k is a constant with dimensions (length)? which is a property of the porous 
medium and is called the permeability. The range of validity of Darcy’s law 
depends upon the Reynolds number of the motion through the voids and the 
structure of the medium (see Scheidegger 1957). 

Further, the average speed @ is proportional to the pressure drop between the 
ends of the pore divided by the length of the pore, i.e. to the pressure gradient 
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along the pore. Now the pressure in the fluid is P’x +p, where p is a random 
quantity whose spatial average over many pores is zero, and if the fluid inertia is 
negligible it is not unreasonable to suppose that p does not vary too rapidly with 
position and that the pressure gradient in a pore making an angle 6 with the z-axis 
and with azimuthal angle ¢ is 

ae ‘ y 
| P’ +: | cos 0 + sy sin 8 cos ¢ + se sin # sind 


= P'{(1+p,)cos0+p.sin6cosé+p,sin@sind}, (2.4) 


where (1, Po, P3) = (1/P’) grad p are dimensionless random quantities with zero 
mean whose statistical properties depend entirely upon the medium and are 
independent of the magnitude of P (since the equations of motion are linear) and 
also of 0 and ¢. Then, 


AP’ ; 
i= ‘ {(1+p,)cos# +p, sin # cos d +p, sin Asin ¢}, (2.5) 


where A is the cross-section area of the pore multiplied by some function of its 
shape. By definition, ¢ is a positive quantity and the values of 0 and ¢ for a pore 
(or step) are defined as those (0 < 6 < 7; 0 < ¢ < 27) for which (2.5) is positive. 

In general, A will be a random quantity varying from pore to pore. However, 
we shall assume, primarily for the sake of simplicity, that all the pores are of 
circular cross-section and of equal radius a, say, so that A = }a?. This assumption 
is physically not very good, but it actually involves no real loss of generality and 
does not affect the results significantly. It is perfectly possible to go through the 
analysis with A as a random variable (and even with the cross-section of a pore 
varying), but since we do not know the statistical properties of A and in any case 
the model is only an approximation to an actual porous medium, it seems hardly 
worth while introducing extra complications of this kind. For similar reasons, all 
the pores will be supposed to be of the same length /, say, where a should be small 
compared with / for the model to be strictly meaningful. 


The average velocity and permeability of the model 
The probability density function (p.d.f.) of (7, 2, p3,) will be supposed Gaussian 
and isotropic* so that the probability that it lies in the range (p,, Po, p3) to 
(p,+dpy, py2+dpz, P3+dps3) is 


A\3 ; 
(") exp | —A(pj+ p3 + p3)] dp, dp, dps. (2.6) 


where A is some dimensionless constant parameter which will depend only on the 
structure of the porous medium. The value of A is a measure of the relative 
magnitude of the mean pressure gradient and the fluctuations; (p,, p., ps) = 0 
corresponds with A = ©. 

* The assumption that this p.d.f. is isotropic is unlikely to be strictly correct since there 


is in fact a preferred direction, namely that of the average velocity, but it considerably 
simplifies the analysis and is unlikely to lead to a significant error. 
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The proportion of pores such that the values of 0, ¢, p,, p, and pz lie in the 
element of generalized volume d0ddédp,dp,dp, = dd, say, is therefore propor- 
tional to the product of sin #d6d¢ and (2.6), and is 


:. ee 
= sin d(°) exp | —A(p} + p3 + p3)|d0 dd dp, dp, dps, (2.7) 


where the domain of © is 0< 0 <7, 0< ¢< 27, G> 0, and the constant of 
proportionality was chosen to make the integral of (2.7) over the domain & equal 
to one, so that (2.7) is a true proportion. 

The components parallel to the x-, y- and z-axes of the average speed through 
& Pore are geos0, gsindcos¢d, sin sin ¢, (2.8) 
and, by definition, the components of the average velocity are the values of (2.8) 
averaged over many pores. The components of average speed in the y- and 
z-directions clearly average to zero. The average velocity in the x-direction is 


denoted by U, where 


3 
U = } 7 cos 0 3 sino(-) exp | —A( pi + p3 + p3)| d= 
Jz 27 7 
a*P’ (2.9) 
240’ <dien 
on substituting from (2.5) for 7 and integrating (see the Appendix). 

The filter velocity Q is UV, where a is the porosity and thus Q = (aa*P’)/24y, 
whence the permeability k = (aa?)/24. Note that k is independent of A. This 
expression may be used to obtain an estimate of a which is otherwise very much 
an unknown quantity. For instance, Mr R. Wooding in the Cavendish Laboratory 
has measured the permeability of a bed of glass spheres of average diameter 
2x 10-2em and obtained the value k = 3 x 10-7 em?, the value of the porosity 
being 0:37. Substituting into the formula for the permeability, we obtain 
a= 4x 10-%em. Taking as a value for / the average diameter of the spheres, we 
have a/l = 4, which seems reasonable. The question of what value to give A will 


be deferred for a little while. 


The duration of the steps in the random walk 
We can now return to discuss the properties of the random walk. The velocity of 
an idealized fluid particle in a pore is 


9 


q = 24(1-—). 2.10 
| i a) (2.10) 
where 7 is the distance of the fluid particle from the axis of the pore and the 
velocity profile has been assumed parabolic. The duration t ofa step by an idealized 
fluid particle would then be 
I l 
exe (2.11) 
27 2 | 2 
q 24(1—?°/a?) 
At first sight it might be thought that infinitesimal elements of the material 
quantity may be assumed to move through the pores like idealized fluid particles 
so that the duration of a step is given by (2.11). Speaking roughly, this is per- 
missible if the duration of a step is small compared with the time required for 
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effects of molecular diffusion to be appreciable. However, ¢ is large without bound 
for steps in which r is nearly equal to a or 7 is very small; so that even though the 


molecular diffusivity is as small as we please, there will be some elements of 


material quantity which are so long in a pore that molecular diffusion may be 
appreciable and it is not obvious that it is meaningful to regard them as moving 
like idealized fluid particles. We may intuitively expect this effect to be negligible 
if the proportion of idealized fluid particles undergoing steps of very long duration 
is sufficiently small, but exactly how small remains.to be determined. To antici- 
pate, it may be shown (see §3) that the condition of being sufficiently small is that 


Pox 


tf (t) dt is finite, where f (¢) dt is the proportion of idealized fluid particles which 
~ 0 
at any instant are undergoing steps of duration in the range ¢ to t+dt. The 
proportion of pores in which the average speed is 7 is given by (2.7), the duration 
is given by (2.11), the proportion of fluid particles in a pore whose distance from 
the axis is between r and r +dr is 2rdr/a?; hence for fluid particles 


ay "a ordr l sin@ /A\ 
| ¢f(t)dt = | — | ae es eae (“ exp[—A(pi+ p2 + p3)]d& 
Jo Jo @ Jy2q(l—r'ja*) 20 \n 
jee! rir SI f / 5 
. | dp . || i _ sind (“) oP" dn dd. (2.12) 
Jol-p JJ 6Up+cosé\n 
O0<@<7 


pt+cosg>0 


on substituting for ¢ from (2.5) and (2.9), writing p = r?/a?, and using the method 
of integration described in the Appendix. Each of the integrals in (2.12) is 
divergent, and this as it turns out is the mathematical reason why it is necessary 
to make some attempt at estimating the effect of molecular diffusion on the 
motion through a pore. 

Molecular diffusion affects the material quantity moving through a pore in two 
ways. First, the material quantity diffuses sideways across the pore so that an 
element of material quantity does not stay on a streamline rv = constant but 
spreads out over neighbouring streamlines. It may be expected that this effect is 
negligible if t < t,, where ¢ is the time spent by the material element in the pore 
and ft, is the time for appreciable molecular diffusion over a distance comparable 
with that in which the velocity differs by a factor of order unity. An estimate of 
the value of f, ist, = a?/8x, where « is the molecular diffusivity (this expression is 
obtained by analogy from the formula for diffusion x? = 2«t with a = 4a). 

[f the average speed through the pore is so small that //7 > t,, then any material 
quantity has ample time to diffuse across the pore. This is the case discussed by 
Taylor (1953, 1954) and Aris (1956) who have shown that if a material quantity is 
introduced into a fluid flowing through a long thin straight tube. then after a time 
large compared with ¢, the concentration of the material quantity is approxi- 
mately uniform over the pore cross-section and the material quantity is con- 
vected with the average speed in the tube, at the same time diffusing along the 
tube, relative to axes moving with the mean speed, with an effective diffusivity 

arg? 


(2.13 
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If we neglect for the moment the diffusion along the pore, it does not therefore 
seem unreasonable to suppose that the transport of material quantity along a pore 
for which //7 > t, is approximately the same as the transport calculated on the 
dssumption that elements of the material quantity remain elements and all move 
with the average speed. In other words, it is assumed that the duration of all steps 
through such a pore is ¢ = //¢. 

[f an element of material quantity enters a pore with //¢ < ¢, on a streamline 
close to the wall for which the duration of passage of an idealized fluid particle is 
large compared with ¢,, then this element will have ample time to diffuse sideways 
on to streamlines where the velocity is not small and be convected along to the 
end of the pore. It again does not seem unreasonable to suppose that the transport 
of this material element is taken account of approximately by supposing that it 
remains an element and reaches the end of the pore in a time ¢ = ¢, + 1/4. 

Let us now consider the second effect of molecular diffusion which is transport 
of material quantity by diffusion along the pore. This effect will be negligible if 
t < ty, where t, = /?/2« is an estimate of the time for appreciable diffusion along the 
pore. If, on the other hand, 1/7 > ty, then the transport of a material element 
along the pore by convection will be negligible compared with the transport by 
diffusion, and it does not seem an unreasonable approximation to suppose that the 
transport along these pores is adequately represented by the passage of material] 
elements in a time ¢ = tf). Note that the assumption a < / implies f, < fy. 

The preceding remarks may be combined in an approximate manner to give the 
following rule for specifying the duration of a step made by a material element: 


l 
- t= (t, = a?/8x), 2.14a 
2q(1 —r*/a*) iin ee ( 
t=t,+1/9 if t,<t<ty (t) = [/2k), (2.145) 
t=t, otherwise. (2.14¢) 


Now the above discussion of the effects of molecular diffusion is somewhat crude 
and limited, but it is not easy to see how it can be improved. The essential 
difficulty, which also occurs in the theory of turbulent diffusion, lies in the 
problem of combining the Lagrangian and Eulerian descriptions of a fluid 
motion, the former being the natural way of calculating how a marked particle 
moves and the latter of treating molecular diffusion. The rules (2.14) are probably 
alright if the molecular diffusivity is small enough for f) and ¢, to be large com- 
pared with the average duration f, say, of a step (a precise value for ¢ is obtained 
later but it is clearly O(1/U)), so that relatively few material elements are affected 
by molecular diffusion. Further, the values that will be obtained for the dispersion 
are logarithmic functions of ¢,/é and ¢,/f, and are thus fairly insensitive to the 
numerical values in the definitions of f, and t,. This reinforces belief in the 
adequacy of (2.14) to represent the effects of molecular diffusion. A smooth 
function of 7, fy, t; and r with essentially the same behaviour as (2.14), apart from 
the discontinuities at t = t, and t = t), may easily be constructed ; but there is no 
real gain and the analysis becomes much more complicated. 

It is possible that the structure of the medium is such that the pores should be 
regarded as exceptionally thin compared with their length and the average 
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velocity is such that t, < ¢ < fy. In this case we shall suppose that the concentra- 
tion of the material quantity is uniform over the pore cross-section and that the 
material quantity is convected with the average speed. The rule analogous to 


(2.14) for this case is t=1/9 if t<ty (ty =Q/2k), (2.154) 
t = ty otherwise. (2.156) 


The objection may be raised that the effective diffusivity x’ as given by (2.13) 
should be used in the definition of t) rather than x. However, when ¢ as given by 
(2.146) or (2.15a) is close to to, (a74?/48K)/K = 1;a?/[?, so that x’ may be replaced by 
K to a good approximation in the definition of t). 


The probability that a given step occurs in the random walk 


To complete the formulation of the random walk, it remains to evaluate the 
probability that a marked material element chooses a step with angles in the 
range 0 to 0+d0 and ¢ to ¢ +d¢, and of duration in the range ¢ to t + dt, where t is 
defined as a function of ¢ and r by either (2.14) or (2.15), and @ is a function of 
0,0, ~ 1, p,and ps. The values of 7 and r for a step by an infinitesimal material 
element are assumed to be the values of these quantities for the fluid particle with 
which it coincides at the beginning of the step (and remains coincident if 
t, > 1/{2¢(1—7°/a*)}, otherwise they separate and the element completes the step 
in the time given by (2.14) or (2.15)). The required probability is hence the 
probability that an idealized fluid particle chooses a streamline with values of 
0, d, Py, Po, pz and r in the element of generalized volume d6 d¢ dp, dp, dp, dr. The 
proportion of pores with appropriate values of the variables is given by (2.7), and 
the proportion of a pore with r in the range r to r+dr is 2rdr/a?, and thus the 
proportion of such streamlines existing in the model is (2.7) multiplied by 2r dr/a?, 
namely , A\3 2 ile ; 
57 Sin a 7 exp [| —A(pj+p3+ p3)! “2 dd dp, dp,dp,dr. (2.16) 
Now this is nof the probability that a fluid particle will choose such a streamline 
because the rate at which fluid particles go along a streamline is proportional to 
the velocity on the streamline. Suppose, for the sake of example, that a large 
number of particles arrive at a junction from which start two streamlines, then 
the relative number of fluid particles which go along the streamlines is propor- 
tional to the ratio of the velocities of the streamlines. Thus, the required 
probability is, apart from a normalizing factor, (2.16) multiplied by the velocity 
of the streamline, 2¢(1 —r?/a), and is 


st wi. ue ee. 
: a! “aI 57 Sin a(-) exp [—A(p?+ P3+ P3)\ 73 dO dé dp,dp,dp,dr, 
(2.17) 
where ¢ is given by (2.5), the range of the variables is the domain 0 < 0 < 7, 


0<¢ < 27,0 <r<a,q > 0, denoted here by P, and N is a normalizing factor so 
that the integral of (2.17) over P is equal to unity. In fact, see the Appendix, 


a = ae. | 
x. 2 ( L+3,) ext A+ (52) |. (2.18) 


For brevity of writing, we shall denote (2.17) symbolically by dP. 
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Statistical independence of successive steps 

The remaining assumption to be made is that successive steps in the random 
walk are statistically independent. This is necessary in order to keep the analysis 
of the random walk tractable and seems alright as a beginning, but it is in fact not 
as good as might be thought. It appears reasonable as far as the values of @ and r 
for successive steps are concerned since there is no apparent mechanism for 
correlating successive values, but this is not the case for 7 and ¢. Since fluid cannot 
accumulate, it follows that pores with large (or small) values of 7 are more likely 
to be followed by pores with large (or small) values of 7 than with small (or large) 
values. If many pores start and finish together, this effect is likely to be small; 
if only a few, then this effect will not be entirely negligible, but the indications 
are that the error due to this cause in the results to be obtained consists in the 
numerical coefficients being inaccurate by a factor not too different from unity. 

The statistical independence of successive values of ¢ is rather more of a 
problem. However, it does not affect the longitudinal dispersion, owing to the 
statistical isotropy of the model, so we shall defer consideration until we examine 
the results for the lateral dispersion, which, of course, will depend upon whether 


there is correlation between successive values of ¢. 


Ensemble averages 

We can now evaluate the random variables X,, Y,,, Z,, and 7;,, defined in (2.1) 
and (2.2), which give the displacement and time after n steps of the random walk, 
and evaluate the probability that the displacement of an element of material 
quantity has a given value after a given time. This probability distribution is 
strictly speaking an ensemble average over many realizations of the model. That 
is, if we take a large number of samples of the medium, each with a different 
arrangement of pores but with the same statistical properties, and observe the 
displacement of a single material element through each of them, the calculated 
probability is equal to the proportion of samples in which the displacement has 
a given value after a given time as the number of samples tends to infinity. 
However, by the properties of ergodic theory, and assuming statistical homo- 
geneity of the medium, the probability distribution gives the proportion of 
elements which have a given displacement after a given time if a large number of 
elements are started from different points scattered randomly through the same 
sample. All average properties of the random walk and of individual steps of the 
random walk are likewise ensemble averages, as distinct from spatial averages as 
in the definition of average velocity. 

It is perhaps worth while demonstrating, for the sake of example, the equality of 
the spatial average and ensemble average (after many steps) of the velocity of an 
idealized fluid particle, i.e. a particle whose velocity is always given by (2.10). The 
(ensemble) average of the displacement after one step has components parallel to 


the axes: . 
z lcos@dP =1U/N_ on performing the integration, 


/P 


t~ 


y lsin@cos@dP = 0, z= | lsin@sin@dP = 0, 
. P P 
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where dP is given by (2.17) and the bar denotes an ensemble average. The average 
duration of a step is 


hs l mn 
t == = a7 98 dP — L/N . 
tm 2q(1 —r*/a") 
nu n 
Phen ). Le, a, Fi=es =), T= Xt, = wt. 


Hence, X,,/7, = U from which it follows that X,,/7,-> U in probability as 
n — 00, since (as follows rigorously from the results of the next section) X,,/X, 
and 7’, /7’,, tend in probability to one as n > 00; and a fortiori (X,,/7',,) > U. Note 
that these results are independent of A. 

The dispersion of a cloud of marked particles can be calculated from the 
statistical properties of the displacement of a single marked particle if the time or 
displacement are large enough for the paths to become statistically indepen- 
dent.* Exactly how large the time or displacement should be for this condition 
to be approximately satisfied is far from clear, but it seems plausible that not too 
many, of the order of 100 say, will suffice for the longitudinal dispersion, although 
(for reasons which shall be given later) more may be required for the lateral 
dispersion. 

The assumption A = 
In the analysis of the random walk, we shall for the sake of mathematical 
simplicity put A = oo. This is equivalent to (p,, po, p3) = 0. The average speed in 
a pore is then 7 =3Ucos0 (0 <0 < 4n), (2.19) 
and the expression (2.17) for the probability of a step being such that 9, ¢ and r lie 
in a range of extent d0d¢ dr becomes 


4. ‘f. 
dP = — sin 6 cos0-; | 1 — ] do dd¢dr, (2.20) 
77 a* a‘ 


where the domain, P, of the variables is 0 < 0 < 7,0 < 6 < 27,0 <r <a. The 
rules (2.14) or (2.15) for the duration of a step by an element of material quantity 
remain unaltered. 

There is no loss of physical generality in this assumption. The analysis may be 
carried out for a general value of A, but it is found that the results for A finite differ 
from those for A = «© only by a numerical factor of order erf,/A (= 1 when 
A = «). Now from (2.7), the proportion of steps, for a general value of A, whose 
direction lies in the element of solid angle i7sin 0d0d¢ is 


A\? ae ee 
(“| exp [ —A( pi + p3+ p3)]dp,dp.dp, = H1+erf(/A cos 6)}. 
0 ! 
We may intuitively expect thisnumber to be small when @ = 7, i.e. in the direction 
exactly opposite to that of the average velocity, so that there are reasonable 


* I am indebted to Dr G. K. Batchelor for pointing out the proper interpretation of the 
mean values of the random walk as ensemble averages and the necessity for the paths of 
different marked particles to become statistically independent before the results for the 
displacement of a single particle may be used to calculate the dispersion of a cloud. 
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grounds for believing that erf ,/A is close to one. In view of the fact that the model 
isa considerable simplification of an actual porous medium, there is therefore no 
real loss in putting A = 00, especially as there is no point in making the analysis 
more complicated than is necessary and the analysis with A finite is lengthy and 


cumbersome. 


3. Analysis of the random walk 

This section is devoted to the calculation of the statistical properties of the 
displacement of a single marked element after many steps. It is mathematical in 
character and no further physical assumptions will be introduced. The results of 
the section will be summarized at the beginning of §4 for the benefit of the reader 
who does not wish to follow the mathematics in detail. 


3.1. Statistical properties of the displacement after many steps 
Consider the displacement of an element of the material quantity after n steps, 
where » is for the moment a fixed number. The components along the axes are 
given by (2.1). X,, is the sum of n independent random variables, and therefore 


X_ =nlcos0: 


n 


similarly, Y,, = nlsindcos¢ and Z, = nlsin@sing, where the bar denotes an 
ensemble average and the probability distribution of # and ¢ is given by (2.20). 


a 


Thus, cos? = | cos@dP = 2 and sin@cos¢ = sin@sing = 0, the integrations 
JP 
being elementary. Hence, 
A,= gl, Y,=90, 2, =0. (3.1) 


The variance of X,, is the sum of the variances of the longitudinal displacement 


of the individual steps. Hence, 


(X,,—X,,)? = ni? | (cos @ — 3)?dP = #,(nl?) = nl?oX, ses 3.2) 
Jp r 3.2 
and similarly Y? = Z = }(nl?) = nl?o}, say. | 


Define dimensionless random variables 
> ee xX : Y, Z,, 
? s t )» » 


r nt n n A . 

a = — ne, y = - - = = a 
7 1 1 3 Jn 1? n 1 
In2 In2 Inz In? 


Then x, y, and z, have zero mean and variances a, a}, 77, respectively. Also, 
it is immediate that x, y, = X,, Z, = Y»Z», = 0. It follows from the Central Limit 
Theorem of statistics (see, for example, Cramér 1946) that the probability 
distributions of x,,, y,, and z,, are asymptotically normal and statistically inde- 


pendent as n -> 00, the departure from normality for a fixed value of n being 
1 
O(n-2). 

3.2. Statistical propertics of the time for n steps according to the rules (2.14) 
Consider now the time for n steps, supposing that the rules (2.14) for the dura- 
tion of a single step apply. (The rules (2.15) will be considered later.) These rules 
are an approximation and are expected to be valid only if ¢, and fy are large 
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compared with the average duration of a step. We shall therefore neglect in the 
analysis all terms which vanish as ¢, and ¢, tend to infinity. The case of an idealized 
fluid particle is obtained by putting t, = t+, = 00. On substituting from (2.19) for 
7 and using (2.14), we have for the average duration of a single step 


p a 1 a I a 
= td? = | : dP + | " +t )aP | t,dP 

I Jp, 6U(1 —7?/a?) cos 6 Jp, \3l cosO' 4, JP, sila 
where the domain P, is that part of P in which 1/{6U (1 —7r?/a?) cos 9} < t,; Py is that 
part of P— P,inwhich#, < t,+1/(3U cos@) < tp; and P, = P—P, — Py. Substituting 
for dP from (2.20), integrating with respect to ¢, and writing p = 1—r?/a®, we 
obtain 


re. (! Nai swad 
f= | | 377 Sin 6 dO dp + | tt +t, cos@}] psind dé dp+ | | 4t,p sin 0 cos 0 dé dp, 
} vo } ts / “*e 


I II Itt 


where the domain of integration I is 0 < 0 < 37, 0< p< 1, pcos@ > 1/6Ut,; 
II is 0<p<1, pceos@ < l/6Ut,, cosé > 1/{3U(t,—t,)} = 1/3Ut,; and III is 
0O<p<1, 0<cosé <1/3Ut,. The integration is straightforward and gives, 
neglecting terms which vanish as f, and ¢, tend to infinity, 


§ = 21/3U, (3.4) 


the largest term neglected being — (/?/18U*t,) log (6Ut#,//). It follows immediately 

~_ T, = 2nl/3U. (3.5) 

The value of (¢—f)? = (t—t)*dP may be calculated in exactly the same 
JP 

manner. The calculation is straightforward, though a little lengthy, and gives 


: ei auG, 1 6Ut,\? 6Ut, ) 
a 2 loge fe eo = ¢ Jes 
( t) 772 )9 log 1 7g (log 08 | 
I? , 
= 77377 Say. (3.6) 


Note that this variance does not exist if ¢, and f) are infinite, and we may there- 
fore expect the statistical properties of the path of an idealized fluid particle to be 
very different from those of an element of material quantity, even though the 
molecular diffusivity is very small. This is why the rules (2.14) and (2.15) were 
formulated, a rough attempt at estimating the effects of molecular diffusion being 
thought better than none at all. 

[t follows from (3.6) that (7, —7,,)? = nl?a7/U?, and that the dimensionless 
random variable 


l T ‘u 


n 


(UU) ni 


n 


n a4 or 
= — 4n= (3.7) 
= 1 3 
(l/U) n2 
has zero mean and variance 07. 
Since ois large when ¢, and ¢, are large compared with //U, we must be cautious 
in applying the Central Limit Theorem to t,. As a rough estimate (a more precise 
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argument based on the results of §3.7 below gives a slightly different one), t,, will 
be normally distributed when t®, is small compared with one. Now, 


(1, -T.,? = nt=1) 


and it may be shown that (t—t)? ~ 3/*t)/U*; thus 
(3.8) 
Hence, t,, is normally distributed to a good approximation only if the number of 
« 1 r ' P 
steps is so large that n? > 4 Ut,/1; i.e. the smaller « and the larger tp, then the larger 
is the number of steps before (3.7) is normally distributed. 
The covariance of x,, and t,, is 
r , yy 7h . ae 7 
=e (X, —X,)(7,-T) (cos#—cos@) (t—t) _ pos ie 
_ nl2/U = iiU = —}§ = Ox, say, 
(3.9) 
terms which vanish when ¢, and ¢, equal infinity being neglected. It is immediate 
that y, t, = Z,,t, = 0, because the terms in ¢ integrate to zero. 


3.3. Probability distribution of the number of steps in a given time 
So far we have examined the displacement and time after n steps, where n is a 
fixed number. In order to calculate the dispersion, it is necessary to know the 
probability distribution (p.d.) of the displacement after a given time 7’, say, 
where 7' is in general large compared with 1/U. 

The first step is to calculate the p.d. of the number of steps made in the time 7’. 
The probability that more than n steps are required before the time exceeds T' is 
equal to the probability that 7, < 7’, since each event implies the other, which in 
turn is equal to the probability that t,, < t, where 

t T 24 . 
= ( Uy nl 5n?. (3.10) 
Hence, the probability that t (with 7' fixed © 1d 7 variable) lies in the range t to 
t+dt is equal to the probability that t, lies between t andt + dt when the value of 
n satisfies (3.10), i.e. 
SUT \2 


aT ai t? 3.1] 
st St ar aati 


n= 


(The positive square root is taken in (3.11) so that n goes from 0 to & as t goes 
from +00 to —o«. Also, it is supposed that n is sufficiently large for it to be 
regarded as a continuous variable.) 

The p.d. of t is in general a complicated function, being dependent upon the 
p.d. of t,, for all n, but if the mean value of n for given 7’, denoted by 7, is large, 
the p.d. of t will depend mainly upon the p.d.’s of t,, for values of n not too 
different from 7% and the p.d. of t will approximate to that of t;. Indeed, as 7% > « 
the p.d.’s of t and t; become identical since the p.d. of t,, is independent of n for 
sufficiently large n. 
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Equation (3.11) may be written approximately as 


3UT aed 


n=5—--5(-@ (3.12) 
the terms neglected being O(7,). It follows that 
.. SUT oe 
n= 2] (3.13) 


with error O(a7,/7). 


3.4. The p.d. of the lateral displacement after a given time 

Denote the component of the displacement in the y-direction after time T by Y, 
7 és . Be ee : . P . reer 
Krom (3.3), ¥ = In? y,, and ifn? > 1 we may write y,, = y, except for a negligible 


. . + “o 1 . . P 
set of values of n. Further, if o7/n2 < 1, n is given by (3.12) and, to the same 


nt = Pi (3.14) 


Hence Y = (3UTI)ty,—ity, = (UTI) y;. 


approximation, 


Thus, when o,/7? < 1, Y is normally distributed with zero mean and 
Y? = 3UITo?, = 3U17, (3.15) 
on substituting from (3.2).* 

[dentical results hold for the displacement in the z-direction. Note that the 
p.d. of the lateral displacement is independent of molecular diffusion and the 
same result should hold for idealized fluid particles; it will be verified later that 
this is indeed so. 


» 


3.5. The p.d. of the longitudinal displace ment afte ra give n time 


Denote the longitudinal displacement after time T’ by X. From (3.3) 
X = In'x,, + 2ln, 


and if 7? > 1, we may again write x, = x;. Substituting for n from (3.12) and 
(3.14), we have 


X = UT —(2UTI) (t—x,), (3.16) 


neglecting terms of order /tx,;. Then 


Lee OP = Sin. (3.17) 
Suppose now that 7’ is sufficiently large for 
2a 
jie > ; ] 2 (3 18) 


Then the p.d. of t; is normally distributed with variance OF, and so also will be 
the p.d. of t. Hence, 


X—UT st ie 
1 (5l 1): (t — Xz) 
In the interests of conciseness, the argument is presented here and in §3.5 in an 
heuristic manner. Rigorous arguments can be formulated, but they are more complicated 


and less direct, und appeal to be out of place in the pre sent context, 
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isthe sum of two normally distributed variables with finite variances and is there- 
fore itself normally distributed with zero mean and variance given by 


l 
p UTP = BONE 25+) = BONO + 05-2 
3Ut, 6Ut, 6Ut an ; 
=f 1 glog . 3 (log — flog j Ray (3.19) 


on substituting from (3.2), (3.6) and (3.9). 

It should perhaps be mentioned that this analysis proves only that the p.d. of 
X/T} is asymptotically normal, it does not prove that the p.d. of X—UT is 
asymptotically normal. Indeed, from (3.16) and (3.8), 


(X-—UT) ~ —(3UTIIB ~ —3U2TIty, (3.20) 


which becomes large as 7'— 00, so that the analysis predicts that the p.d. of X, 


> yr wry . . 
as opposed to that of X/7', becomes increasingly skew as 7’ increases. 


3.6. The random walk according to the rules (2.15) 
The results obtained so far have been based on the rules (2.14) which are for the 
case 1/U <t, <t. It is expected, however, that the rules (2.15) for the case 
t,<l/U < tj may sometimes apply. 

The previous analysis depends upon the duration of a single step only in so far 
as the statistical properties of 7', are affected. That is to say, the previous analysis 
is unaffected apart from §3.2 which must be repeated using the new rules. It is 
then sufficient to replace the value of 7, used above by a new value, a7, say, 
obtained using (2.15). 

— i= | tdP = | 5 : 7dP+| todP, 

Jp Py 3U cost JP, 
where P, — part of P in which 1/{3U cos 6} < ty, and P, = P—FP,. Substituting 
for dP from (2.20), integrating with respect to ¢ and r, and neglecting terms which 
vanish as t, + 00 (these are at most /?/9U*t)), one obtains 


: 1] 21 °1/3Ute 2] 
t= -sin Odd + 2t, sind cosOdé = 
rl. [ 0 31 
J cos6=1/3Ut, ¢ / cosd=0 e 


as before. Similarly, the variance of the duration may be calculated, giving 


(¢‘—t}? = —, \9 log =—.07, say. (3.21) 
The values of x,t, and t® are again given by (3.9) and (3.8). 

The results of §§3.4 and 3.5 now apply with o7 replaced by o,,. Thus, the 
statistical properties of the lateral displacement remain unaltered. So do those 
of X except that now 

| : a 3Ut | 
= (X—UT) = Ul hlog?—*— 3, 
fi ‘\y l ™ 


when (3.18) is satisfied. 


(3.22) 


It seems plausible to suppose that the lateral displacement is independent of 
t,, since the same result is obtained for t, > 1/U andt, < l/U. For the longitudinal 
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displacement, the leading terms of (3.19) and (3.22) are the same and it seems 

oS } 5S 
plausible that the variance of the displacement for intermediate values of t, will 
be intermediate between the values of (3.19) and (3.22). 


3.7. Further analysis of the random walk 

The reason why the statistical properties of the longitudinal displacement involve 
the molecular diffusivity (through ¢, and f,) is that the mean square duration of a 
step by an idealized fluid particle is not finite,* and therefore the Central Limit 
Theorem cannot be applied to the variable t,, evaluated for such particles. It is 
then not possible to prove that (1/7') (X — UT)? tends asymptotically to a value 
independent of 7’ as is usually the case for random processes occurring in nature. 
As we have seen, this difficulty does not arise if molecular diffusion is taken into 
account. However, the expressions (3.19) and (3.22) tend to infinity as Kk > 0, 
and also the value of 7’ which must obtain for these expressions to apply becomes 
infinite as k + 0, because of (3.18). 

[t is natural to inquire what happens if «, or more precisely //Uf), is so small 
that (3.18) is not satisfied even though T is sufficiently large for 7+ > 1, or alter- 
natively what are the statistical properties of the displacement of an idealized 
fluid particle whose velocity is given by (2.10) for all values of ¢. To answer these 
questions, it is necessary to investigate the statistical properties of the random 
walk in rather more detail. 

Consider the joint probability distribution function (j.p.d.f.) of x,,, y,,, Z, 
and t,,, where these random variables are defined by (3.3) and (3.7) but for the 
moment we do not specify the value of the duration of a step. The joint charac- 
teristic function (j.c.f.) of these quantities is the fourier transform of the j.p.d.f.; 
that is, the j.c.f., C,,(&, 7, ¢, 7) say, is the expectation of exp 2(€x,, + vy, + CZ, +7t,,). 
By well-known results (see Cramér 1946), if ®(£, 7) is the j.c.f. of random variables 
x and y with a j.p.d.f. d(x, y), the j.c.f. of ax+b and cy+d (a, b, c and d being 


n n 
constants) is e%+4¢7D(ag, cn). Also, the j.c.f. of \ x, and © y, is {O(E, 7)}”". 
It follows from these results that 


\" 
| - 
(3.23) 


1 


; as ; Ur 
E(cos?— cos?)+ysin@#cos¢ + Csin@ sin @ + j ({—t) 
JP n® 





We require the value of (3.23) when v is large compared with unity. The analysis is 
not particularly difficult, but the details are very tedious and we shall confine 
ourselves to a brief description of the principal steps. The essential difficulty is 
that the exponential in the integrand in (3.23) may be expanded as a power 
series in £, 7 and €, but not in 7, since 7 is multiplied by ¢ which ranges up to fy (or 
infinity), unless Ut,//n? < 1 which is now not necessarily the case. 


* The mean square duration of a step by an idealized fluid particle is | dP which is 

He d 

proportional to tf(t) dt, where f(t) dt is the (spatial) proportion of particles at any instant 
v7 0 

undergoing steps of duration between ¢ and ¢+dfé, since, as explained in § 2, dP is propor- 

tional to this proportion multiplied by the velocity of the step. According to (2.12), this 

integral diverges for all A so that the above result does not arise from the assumption A = ©. 
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Suppose now that dP is given by (2.20), and ¢ is given by one of (2.11), (2.14) or 
(2.15). We then take the logarithm of (3.23) and expand the exponential as a power 
series in £, 9 and ¢, giving after some reduction 

Y | ape °7TT r 1 
log C, = a | exp [tU7(t—t)/In?|dP — 7 
JP 
— Poi + poy + Coty + 2670 x7) + O(n 4), (3.24) 
where use has been made of the result 
a os - . Urt) 
| f(0,.d) exp [tU7t/In?] dP = | f(0.6) 11 } 
JP JP | In? 
for f (0, 6) a regular function, and the values of 0%, a} and oy are those given 
in (3.2) and (3.9). The result (3.25) follows from the fact that differentiation with 
respect to 7 under the integral sign is permissible if the resulting integral is 
absolutely convergent. 

It remains to evaluate 

n | exp 
JP 


Ly *7?, say. 


; —_ 
“Ud 2 ar —1) — 
Inz . J 





Suppose the rules (2.14) apply. Then the integral may be broken up as in the 
derivation of (3.4) into integrals with respect to 9 and p. In the domain I (see 
$3.3) introduce new variables yy = 7/(6n4p cos@), p =p: and in the domain II 


' ‘ 1 . . e . ° 
put yy =T (3n? cos @). Integration with respect to p gives after some reduction 
. PUbrtiint civ Gnd 
x? = —2exp[-—iUTt Ind) | -, log ~ diy 
: ; T/6n? yu ‘ T 
e T/ON i 
Dy ]2 9 
2nl? wgathes 2n bes ; 
——_ exp [tU7(t, —t)/In?] + —, —exp [tUr(t, —¢t)/In? | 
OTT2#2 72 l 2 { | 
9U*t27 T 
(4 ? Utst/In® nl? e2Ut,t/ln* pty 
x | el¥ diy Wie st : a > diy (3.26) 
(9, 2Ut,7/in* 9! “ty TF rT/3n* Y 


By integration by parts and use of the results 


rx pip ro pip 
| —~diy = Ole). | - log dy Ole log (J é)), 
e ije Y « J /e Y ; : 
| dy —loge+(y+4(47)) + Of), 
us re 
; € ; yf 7 1 ‘ . 
log (W é Jay (log €)* Os t i(477)) log € T O(1) 
uU "a 
. 7 


where y is Euler’s constant (see Jeffreys & Jeffreys 1950, p. 471), it may be shown 
that =*2 is given approximately by 
3Ut, 1 6Ut,\2 6UL _ Ut 
, ie 
BF {log } 4, 102g r 4 | < o.42/@) 
18 l l 31n} 


/ 


, 
* = log 
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Actually, the conditions given here for these formulae to hold are more restrictive 

than is strictly necessary, but more precise conditions are rather complicated. 
Similarly, if the rules (2.15) hold, 


3Ut TUt 
=? = Zlog—_°—4 iif ° (3.284) 
l 3ln2 
aS pases 3n3 3nt TUt 
x? = 2log if log— >1 ~> 1. (3.28) 
T Inz 


mn . ~ . . . . . . 1 
The j.p.d.f. of x,,, y,,, Z,, and t,, is the fourier transform of C,, and is, for n? > 1, 


n 


anapn 


x exp [— 3(80%,+ 920% + Co} + 72X24 27047) |dEdydfdr. (3.29) 
If % were constant, it would follow immediately that the j.p.d.f. is normal with 


FB a ek eee 
x? = oi, y 


y, =z =o}, 2 = LY? and x, t, = x7, the other covariances being 
zero. Now & is actually a function of 7, but it is a slowly varying function and the 
main contribution to the integration with respect to 7 comes from values of 7 for 
which &7 = O(1), and it may be proved that to a sufficient approximation (3.29) 
may be evaluated with © independent of 7 and having the value determined by 
uf? = I. 


[t follows that for the rules (2.14), the value of £? (= t?) is approximately 


; . 3Ut 1 6Ut,\? 6Ut - Ut 
S? = glog“—"°+ — (log- fo Se = 
l l l ae nil (log 3Ut,/1)2 
(3.30a) 
—— Lf 6U6\* 6Ut me 
=? = flog 3ni +. (log— ') —}log— 141 if logni > 1, 
3Ut 3Ut 
1_ €l, = °-_ >1; (3.300) 
n2l(log n2)? n2I(log n2)2 
: : 4Ut 4Ut 
L* = j,(log6n2)? if logn? > 1, —— >, ——*— >1; (3.30¢) 
nellog n2 n2llog n2 
and for the rules (2.15) 
3Ut - Ut 
x? = 2 log hc. Im | if = , (3.31a) 
l n2l(log 3Ut,/1)2 
ae: 3Ut 
x? =2log3n? if logn?> 1, : (3.315) 


n3l(log n2)? 
The cases (3.30a) and (3.31a) are those which we have in fact already con- 
» 


sidered when (3.18) is satisfied. The case (3.30c) describes the motion of an 


idealized fluid particle since these conditions apply when ¢, and t, become infinite. 


3.8. The statistical properties of the displacement after a fixed time 
The analysis of §3.3 for the probability distribution of the number of steps in 
a given time may now be repeated with the variance of t,, given by the above 
results. The statistical properties of t will again not be very different from those 
of t;, the difference between them becoming smaller as 7 becomes larger since ¥ is 
a slowly varying function of n. 
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The analysis of §§3.4 and 3.5 for the lateral and longitudinal displacement may 
then be repeated with op replaced by (X),,_z. Thus Y is normally distributed in 
all cases with zero mean and variance given by (3.15), and (X-—UT)/T? is 
normally distributed with zero mean and variance 
l X --UT)2 = 2U1S(>2 Ke ee ' — [J 12 QV 9 99 
p P= SUL") neg t Ox 20 x75 = IS?, say. (3.32) 

It seems worth adding here a word of comment about the apparent contradic- 
tion between the results of (3.306), (3.30c) and (3.316) and the fact that t,, has 
exactly the variance o% or o%7,, as the case may be, for all n. The explanation is 
that the p.d. oft, is approximately that of a normal distribution with variance &* 
provided the value of t, is not too large. For very large values of t,,, the p.d. is 
significantly different from that of the normal distribution with variance X*, and 
it is this tail which makes the exact p.d. of t,, have variance 0) or o},. Examina- 
tion of the analysis of §3.3 shows that only the values of t in the neighbourhood of 
t=0 are relevant to the calculation of X — U7’, and that the long tail to the p.d. 
of t, may be neglected. 


4. The lateral and longitudinal dispersion 

We obtain from the analysis of the previous section the following results for the 
statistical properties of the displacement of a single particle after a given (large) 
time 7’. 

The mean number of steps and mean longitudinal displacement are, re- 
spectively, _ 
*t 3U7 — oe 

n=>5 7 and X=UT if “>1z. (4.1) 

The mean lateral displacement is Y = Z = 0. 

The lateral displacement is normally distributed and 
Y2=Z72?=3Ul1T if nt>1. (4.2)? 

For the longitudinal displacement when the rules (2.14) apply, necessary 
conditions being Ut,/1 > 1, Ut)/l > lwheret, = a?/8x,ty = [?/2x,then(X —UT)/T? 
is approximately normally distributed with variance ULS? given by (3.32): from 


(3.30) the approximate values are given by 


3Ut ] 6Ut,\? 6Ut A Ut, /l 
S? = flog ~ + - (log ‘) os i log j T 4 1? if - : : ae :: 
12 l : n+ (log 3Ut,/L)2 
27UT 1 Ot)? .. OP .. (4.34) 
* = glog—57— +73 (loa 4-) — toa +23 
3Ut,/I 3Ut,|l 
if logn? > |, —~ i, — l; (4.36) 
n2(log n2): n2 (log n2)2 
| 54UT\? 4Ut, |l 4Ut, | 1 
Ne - | log if 1027 aeoll ] : | 0 :; 
48 l n2 log n? n2 log n2 


} 


' — ' , , 
obtained bv Josselin de Jong (1958). 
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Thus idealized fluid particles (tj = ¢; = 00) obey (4.3c), and the variance of 
their longitudinal displacement is an increasing function of 7’. This is also the 
case for elements of a material quantity subject to molecular diffusion provided 
the time for appreciable molecular diffusion across streamlines is sufficiently 
large compared with 7’; but as 7’ (and 7) increase, the variance is given by (4.30) 
and eventually by (4.3a). The value of S? is then independent of 7’. 

[f the rules (2.15) apply, necessary conditions being Ut,/l < 1 and Ut,/l > 1, 
then from (3.31) approximate valucs of S? are 


3Ut : Ut, /l 
S?2 = llog—°-7, if — oll , <1; (4.4a) 
7 n?(log 3Ut,/L)2 
DOL 3Ut,/l 
S*=1log-—-— if logai>1, ——“— 51. (4.4b)* 
21 n2(log n2)2 


For this case, S? is again an increasing function of 7' provided 7 is sufficiently small 
compared with fj, but when 7’ is sufficiently large S? has a constant value 
independent of 7’. 
It therefore appears that molecular diffusion is of great importance in deter- 
mining the statistical properties of the longitudinal displacement however small 
‘it may be, provided it is not exactly zero and the value of 7 is sufficiently large. 
[t is to be emphasized, however, that the present theory is tentative because of 
the simplifying assumptions that have been made about the way in which mole- 
cular diffusion works, and it should really be regarded as no more than a first 
approximation. It should also be mentioned that the numerical coefficients in the 
above results are not expected to be exactly correct because the geometry of the 
model is obviously a rough approximation to that of a porous medium. 


Longitudinal dispersion 

The dispersion of a cloud of marked particles relative to its centre follows from 
the statistics of the displacement of a single particle only if the time or number of 
steps is large enough for the paths of the different particles to become statistically 
independent. As far as the longitudinal dispersion is concerned, there is no 
apparent reason why this should not be so after the particles have made 100 or so 
steps, provided the original dimensions of the cloud are large compared with a 
step length, although it is difficult to formulate satisfactory arguments to make 
this statement rigorous. It is therefore reasonable to assume that the above 
results for the longitudinal displacement may be applied to the dispersion of a 
cloud. A longitudinal diffusivity, «, say, may be defined by the equation 


iy oa = (X — UT)? = 4UIS?, (4.5) 
where S? is given by (4.3) or (4.4) as the case may be. The dimensionless ratio 
Ul/x, is not a constant but depends upon fp, t,, 7 and l/U. The longitudinal dis- 
persion does not satisfy the ordinary diffusion equation unless 7’ is sufficiently 
large for (4.3a) or (4.4) to apply, since otherwise the diffusivity is a function of 7’. 


* The result (4.46) is essentially that given by Josselin de Jong (1958). 











di 




















A theory of dispersion in a porous medium 343 


It seems worth while mentioning here one case of physical interest for which the 
result (4.46) may possibly apply for all 7’, i.e. for which the dispersion may be 
calculated on the assumptions that all marked particles move with the average 
speed in the pore and that the duration of a step may be unbounded. Consider 
the displacement of a fluid in a porous medium by another fluid of identical 
viscosity (and density if hydrostatic pressures are important), and suppose that 
the two fluids do not mix. If the fluids are homogeneous, molecular diffusion does 
not enter the problem. When the interfacial tension is sufficiently large for the 
ratio of 7 U to the interfacial tension to be smali compared with one, then to a good 
approximation the meniscus between the two fluids in a pore will extend across 
the pore and move with a velocity equal to that of the average speed through the 
pore.* Assuming that the presence of the menisci does not significantly affect the 
flow field through the porous medium, the relative motion of the two fluids may 
be calculated on the assumption that the meniscus does not exist and every fluid 
particle moves with the average speed in the pore, and the distribution of relative 
concentration in the mixing region should therefore be asymptotically normal 


‘7 


with a variance given by (4.46), with f, = ©, for all sufficiently large 7 


Lateral dispersion 


It follows from the assumption of the statistical independence of the paths of 
different particles that the transverse or lateral dispersion may be described by 
an effective diffusivity, «, say, defined by 


Ky = om Y* = FU, (4.6) 


from (4.2). The lateral dispersion is therefore independent of molecular diffusion 
and the dimensionless number U1//x, is constant. 

There is, however, considerable doubt about the correctness of (4.6). Sir 
Geoffrey Taylor has pointed out that in an exactly two-dimensional flow through 
an exactly two-dimensional porous medium, the requirement that streamlines 
cannot cross implies that the width of a stream of marked fluid remains constant, 
variations of the order of the grain size being neglected. In other words, although 
the centre line of the stream may wander about from side to side with a mean 
square displacement given by a result similar to (4.2) (provided, of course, there 
are no rigid side walls) the paths of individual particles in the stream are so 
correlated that the width of the stream remains constant. Thus in two dimensions, 
either one or both are false of the assumptions that the paths of different fluid 
particles become statistically independent and that the lateral displacement in 
successive steps by a single particle are statistically uncorrelated. It is not 
obvious which of these assumptions is worse since the presence of rigid side walls 
parallel to the average velocity seems to make a difference. If side walls are there, 
the path of a single element is approximately a straight line, so there must be 
a high correlation between the lateral displacement in successive steps; if side 


walls are not there, there is no apparent reason why such a correlation should exist. 


* This result was pointed out by Sir Geoffrey ‘Taylor. 
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The situation in three dimensions is even more obscure. Streamlines may now 
pass round one another, but it is unlikely that both of the assumptions just 
mentioned are valid unless some other effect is present to reduce the correlation, 
e.g. a complicated streamline pattern at the pore junctions which would have the 
effect of twisting streamlines around each other, or even some turbulence, 
although this is very unlikely to be present when the average motion satisfies 
Darcy’s law. There seems to be hardly any experimental »vidence on the lateral 
dispersion. 


Comparison between theory and experiment for the longitudinal dispersion 

The experiments of Von Rosenberg (1956). Von Rosenberg observed the width 
of the mixing region or concentration front between two miscible liquids of equal 
viscosities and densities (benzene and ethyl n-butyrate) after passage with either 
of three velocities through three packed towers, filled with Ottawa sand, of 
various lengths, the front being initially sharp. Table 1 gives the value of /S?, 
defined as (1/U7') (X — UT), calculated from the data on the assumption that the 
concentration curve is derived from a normal distribution. 


Length of tower (cm) 
Average velocity a rv ——--__, 
(cm/sec) 27-6 57-9 118-0 


6 x 10-4 0-085 0-075 0-058 
48 x 10-4 0-085 0-110 0-110 
36 x 10-3 0-078 0-128 0-158 


TABLE 1. Values of lS? in em calculated from the data of Von Rosenberg (1956). 
Each figure is the result of a separate experiment. 


Kxact quantitative comparison is not possible because Von Rosenberg does 
not give the average grain size of the sand. However, let us for the sake of example 
suppose that / = 0-1 cm (which seems reasonable though possibly a little large) 
and k = 1-5 x 10~°cm?/sec (this is of the same order of magnitude as the dif- 
fusivities of simple organic liquids in benzene); then tf, = 330sec. The values of 
1/U are 170, 21 and 3sec, respectively, and the theory given here will therefore 
not apply to the experiments with the smallest velocity since for these Ut,/1 is not 
large compared with unity. If we suppose further that a/l = 1 (the value which 
seems appropriate to glass beads and which will suffice here as an estimate) then 
t, = 3sec, so that, for the purposes of rough comparison at least, the appropriate 
theoretical results are those of (4.4). On examining the relative values of Ut,/I 


and n, we find that all the experiments with U = 48 x 10-4cm/sec satisfy the 
conditions of (4.4a@), according to which S? is independent of 7' and therefore of 
the length of the tower; whereas those with U = 36 x 10-3em/sec are inter- 


mediate between the conditions of (4.4a) and (4.46) with a tendency to satisfy 
the latter, rather than the former, according to which S? is a logarithmic function 
of the length of the tower. It is clear from table 1 that there is qualitative agree- 
ment between the theory and experiment. As regards quantitative agreement, it 
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follows from (4.4a) that the value of JS? for U = 48 x 10-4 cm/sec is 0-12 em; and 
from (4.46) the values of JS? are 0-13, 0-14, 0-16cem, respectively, for the three 
tower lengths. The quantitative agreement would be improved by taking a 
slightly smaller value of 1. 

The experiments of Ebach & White (1958). In these, the dispersion was measured 
of Pontomine sky blue 6BX dye in water flowing through a 5-12 ft. long tower 
packed with glass beads of diameter 0-0083 in. For those experiments in which 
the Reynolds number based on the average velocity and bead diameter was less 
than one (so that Darcy’s law may be satisfied), the observed values of Ul/k,, 
with / equal to the bead diameter, were scattered between 0-4 and 0-6 with no 
systematic variation for 9 values of U between 0-00077 and 0-0315 ft./sec. 

With a value of k = 10-* cm?/sec (which seems appropriate for an organic dye), 
the value of t, is 220 sec and that of ¢, is 2-2 sec, taking a/] = 4. The value of l/U 
lies between 0-9 sec and 0-02 sec and the appropriate theoretical results are those 
of (4.3). The value of 7 is the same for all the experiments and is 1-1 x 10*. 

Comparison of the values of Ué,/l, Ut,/l and 7 shows that for the smallest 
velocities the conditions (4.30) are satisfied, whereas for the largest velocities the 
conditions (4.3c) are satisfied. According to (4.36) the value of S? increases from 
2-8 to 3-7 as the velocity goes from 0-00077 ft./sec to 0-0315 ft./sec, and according 
to (4.3c) the value of S? is 3-4 for all velocities. Thus, according to the theory S? 
should go from 2-8 to 3-4 as the velocity goes from the smallest value to the 
largest, and the value of Ul/x, = 2/S* goes from 0-72 to 0-59. These results are in 
good agreement with the experimental observations bearing in mind the large 
experimental scatter. 

The experiments of Josselin de Jong (1958). In these the width ofa concentration 
front, which was initially sharp, between water and salt solution was measured 
after passage through a tower of glass beads of diameter 0-02 cm after distances 
of 2-5, 7-5, 12-5 and 17-5em. The value of U was 0-92 x 10-* cm/sec. Josselin de 
Jong compared the observed values with the predictions of (4.4b) and found 
approximate agreement if the value of / was taken as 0-008 cm, i.e. about one- 
third the bead diameter. 

Comparing his results with the theory of the present paper, we have tj = 13 sec 
with k = 1-5 x 10-°cm?/sec and / = 0-02 cm, and tf, = 0-13 sec taking a/l = 4. The 
value of 1/U is 2:2 sec, so the appropriate theoretical results are (4.4). Further, 
the values of 7 are 190, 560, 940 and 1320, and comparison with (4.4) shows that 
it is the conditions of (4.4a) which appear to be satisfied, and (4.46) does not 
appear to be valid. 

Now from (4.4a), the value of (2«,7'/X)? = [4S is 0-13 em, 1 being taken as the 
diameter of the beads 0-02 cm, and the value of this quantity according to the 
experimental data is approximately 0-14, so that the agreement with (4.4¢) is 
better than that with (4.46), in accordance with the present theory. 

To sum up, the agreement between the present theory and the three sets of 
experimental data is encouraging, but a more thorough experimental investiga- 


tion is clearly required. 
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5. Remarks on the dispersion when Darcy’s law not satisfied 

An essential feature of the model put forward in §2 is that the velocity of the 
fluid through a pore should be proportional to the pressure drop between the ends 
of the pore. This is so if the inertia of the fluid is negligible and the flow in the pores 
is dominated by viscosity, and it was pointed out in §2 that this is equivalent to 
assuming that the flow obeys Darcy’s law, equation (2.3), and that the streamline 
pattern is independent of the average velocity. For sufficiently large values of the 
velocity, or more precisely of the Reynolds number based on the pore length, the 
average velocity and the kinematic velocity, the fluid inertia is not negligible, 
Darcy’s law is not satisfied, and there is no reason to expect that the dispersion is 
described by the results of the previous section. Since this case obtains in many 
practical applications, it seems worth while examining our model to see if by 
means of suitable modifications predictions can be made about the dispersion at 
high values of the average velocity. 

The difficulty is that the flow is then much more complicated and the calcula- 
tion of the velocity field in the pores becomes troublesome. Also, the assumption 
that the pores are straight and uniform becomes suspect because the curvature of 
the streamlines is important when the fluid inertia is not negligible. However, the 
dispersion is primarily a kinematic, as opposed to a dynamic, property of the flow 
field, and there is no obvious reason why the path of a marked particle should not 
be approximated to by a random walk of randomly orientated straight steps of 
random duration. But in order to calculate the duration of the steps it is 
necessary to consider the dynamics of the flow, and it has not proved possible so 
far to do this in a satisfactory manner. 

It seems worth while to examine qualitatively the model consisting of an 
assembly of straight uniform pores as the Reynolds number increases. It follows 
from dimensional analysis that 

= P| UT Ul Ul (5.1) 
Ul . ee ey a 


(v denotes the kinematic viscosity), where F is independent of the Reynolds 
number Ul/v when it is not too large (the value of Ul/v for which departures from 
Darcy’s law become significant varies greatly from one type of porous medium to 
another and will be anywhere between 10 and 100). Now as the Reynolds number 
increases, the velocity profile will cease to be parabolic all along the pore and will 
be flat at the ends, i.e. the extent of the inlet regions will increase with the 
Reynolds number. Thus one effect of increasing Ul/v is to make the velocity of the 
fluid in a pore more uniform and hence to decrease the dispersion, until the limit 
is reached in which the velocity is uniform throughout the pore except for thin 
layers near the pore walls. It does not follow immediately that / decreases as 
Ul/v increases because other Reynolds number effects are present; in particular, 
the ratio of the velocity in a pore to the average velocity of the fluid through the 
medium will be Reynolds number dependent. However, the longitudinal dis- 
persion was calculated using a random walk model which takes this effect into 
account and it appears that the longitudinal dispersion again decreases with 
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increase of Reynolds number, so that the indications are that F' is a decreasing 
function of Ul/v. 

This random walk model is rather crude, but the results are not without interest 
and it seems worth while placing them on record. With the same notation as used 
in $2, it is supposed that the average speed in a pore is proportional, owing to the 
effects of inertia, to some power of the pressure difference between the ends 
of the pore, and further that the pressure in the medium is P’x. Accordingly, 
g=KP*cossO(0 <0 < irr), where s is a function of the Reynolds number and 
K has the same value for every pore. 

By means of the arguments of §2, the (spatial) average of velocity is 


») 


1 r le 

; %on thi l ¥ ; I P s 

U= | — cos @ sin@dbd¢ = . : (5.2) 
77 s 


and hence G = (s +2) U cos* 6. (5.3) 
It follows from (5.2) that the filter velocity is proportional to a power of the mean 
pressure gradient, and it is indeed found that this is sometimes so in practice (see 
Scheidegger 1957). A means of giving a value to s is thereby afforded, and s is 
usually between 4 and 1. We should intuitively expect s to approach one when 
Ul/vis small, and to approach 4 when the Reynolds number is large enough for the 
flow in the pores to be turbulent and the pressure drop to be proportional to the 
square of the velocity, and that in general s decreases as Ul/v increases. 
The duration of a step is 
l l r 

=~ = (6 42)0 cos*0” ai 
ifit is supposed that the velocity profile in a pore is flat and that all fluid particles, 
except for a negligible fraction, move with the average speed 7. The probability of 


a given step occurring may then be calculated as in §2 and we have 
—— 
dP = ——sin0 cossA6d0dd (0<0< 47,0<¢@ < 27). (5.5) 
Pa ; a : 
The (ensemble average) variance of t now exists and it is not necessary to bring in 
molecular diffusion. 
The statistical properties of the displacement of a single particle may now be 
calculated exactly as in §3.1 to §3.5, apart from changes in numerical values. The 
results are, with the same notation as employed previously: 


Y=Z=0; (5.6) 


fo, 2ST, @ Bp (5.7) 
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(This last condition on % requires that s is not too close to 1 and follows from an 
analysis similar to that carried out in §3.7. [fit is not satisfied and (1—s) log% < 1, 
then it may be shown that the result (4.45) applies, as is to be expected since when 
s > 1 the duration of a step as given by (5.4) tends to the value used in calculating 
(4.46).) 

It follows from the assumption that the paths of different particles become 
statistically independent that 


K; _ s+2 — 
Ul ~ 2(s+1)(s+3)’ ae 
and a or (5.11) 


Ul 2(1—s) (8 +2) (s +3)’ 


where «x; and x, denote the effective lateral and longitudinal diffusivities, re- 
spectively. It will be noted that (5.11) decreases as s decreases from | to }. 

The values of «,/U/ reported in the literature for high Reynolds numbers show 
considerable scatter but seem to lie between 0-5 and 1. The value of (5.11) is 
0-76 when s = 0:8. 

The values of x,/U/ given by (5.10) seem to be a little high, but this discrepancy 
may well be explained by the falseness of the assumption that the lateral displace- 
ment in successive steps are uncorrelated. As regards the variation of x,/U/ with 
Reynolds number, it seems that the main effect of increasing Reynolds number 
may be to decrease the correlation between the lateral displacement in successive 
steps, because of an increase in complexity of the streamline pattern at the pore 
junctions or because of some turbulent mixing taking place, and thus to increase 
the lateral dispersion. 


[ wish to thank Sir Geoffrey Taylor for suggesting this investigation and for the 
benefit of several discussions; also Dr G. K. Batchelor for constructive criticism of 
an earlier draft. 


Appendix 
Integrals of the form 


a 


f(cos @) g{(1 + p,) cos 0 + pssin 6 cos d + p,sin Asin J} sind 


— 
I 


x exp [—A(p}+ p3 + p3)|d0 dd dp, dp, dps 


over the domain 
0O<0<7, 0<@< 2m, (1+p,)cosé +p.sinécos¢+p,sinésing > 0, 
occur in §2. The method of evaluation consists in making the transformation 
P, = p, cos + pysin — cos d + ps sin O sin ¢, 
Ps = —p,sin# +p, cos 0 cos d + pz cos @sin d, 


/ cee er Oe 
Ps - p28IN 9 + pg COs Q, 








wh 
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m se 
— which gives 
r<l, 
whe De ! eT ; 
nth J= f (cos) g(cos 0 + p\) sin 6 exp [ —A(p? + p3 + p3)] dd dd dp; dp; dps 
ating P| 
2 0<0<7 
0<d<27 2772 wi 
‘aa i, a jper lL eoe 2A A) 
come nme ais | f (cos @) g(p + cos 0) dp d(cos 0) 
0<6 1 
p+cosé>0 
on integration with respect to p),, p3 and ¢, and writing p;, = p. The evaluation of 
5.10) SI Pz, P3 ANA PD, é SPi=P- alué 
| the last integral is straightforward for the cases which occur in §2. 
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The motion of bubbles in a vertical 
temperature gradient 


By N. O. YOUNG,* J. S. GOLDSTEIN,?+ AND M. J. BLOCK? 


Baird-Atomic, Inc., Cambridge, Massachusetts 
(Received 9 October 1958 and in revised form 30 January 1959) 


It has been observed experimentally that small bubbles in pure liquids can be 
held stationary or driven downwards by means of a sufficiently strong negative 
temperature gradient in the vertical direction. This effect is demonstrated to be 
due to the stresses resulting from the thermal variation of surface tension at the 
bubble surface. The flow field within and around the bubble is derived, and an 
expression for the magnitude of the temperature gradient required to hold the 
bubble stationary is obtained. This expression is verified experimentally. 


1. Introduction 

It has long been known that when variations in temperature are maintained on 
the free surface of a pure liquid a dynamic steady state is achieved, characterized 
by a bulk flow in the liquid and at the surface, together with small surface deforma- 
tions (Hershey 1939). The nature of this flow is as follows. A local increase in 
temperature results in a local decrease in surface free energy, y; a surface tempera- 
ture distribution therefore is accompanied by a non-uniform tangential stress in 
the surface, the positive direction of which is opposite to the surface temperature 
gradient. In response to this stress occurs a flow, the details of which are deter- 
mined by a balance between the viscous shearing stress at the surface and the 
thermally induced surface stress. It is of interest to contrast the behaviour of a 
liquid subjected to a surface temperature variation with that of an elastic mem- 
brane subjected to the same thermal variation. Because the membrane is elastic, 
it may deform in its own plane until the tension is uniform throughout; the steady 
state in this case is therefore static, while in the case of the liquid a dynamic steady 
state is reached. 

The situation in the liquid is entirely different if the surface is contaminated by 
an insoluble monolayer. Such monolayers can indeed support tangential stress 
without steady state flow by means of local density variations (Harkins 1952). 
This fact has been used as a very sensitive test for distinguishing between surface- 
tension induced flows, and flows due to other causes, e.g. free convection (Block 
1956). 

The direction of the flow in the surface is in the direction of the tangential stress 
vector. The direction of the surface flow is therefore away from the warmer 

* Now at Ericsson Telephone Co., Nottingham, England. 
+ Also at Brandeis University, Waltham 54, Massachusetts. 
Now at Naval Supersonic Laboratory, Massachusetts Institute of Technology. 
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regions, with liquid flowing to the surface from the bulk at the warm regions. 
Since the velocity does not vanish at the surface, a pressure variation is present 
at the surface. This variation in normal stress is balanced by a surface deforma- 
tion; the excess normal stress necessary to balance the flow pressure is provided by 
the pressure due to surface curvature. Qualitatively, a depression in the surface 
is formed at a local hot spot, as has been shown by Hershey (1939). 

In the course of a series of experiments on this phenomenon (other results of 
which will be published later), we have investigated the effect of temperature 
variations on a spherical free surface, e.g. that of a free bubble or droplet. 
According to the above argument, if the temperature increases monotonically 
from one pole to the other of a bubble surface, a flow must be produced if the 
liquid is uncontaminated. In the linear approximation to be described below, this 
flow is to be added to the normal Stokesian flow surrounding a freely rising bubble, 
so that the net effect must be to alter the motion of the bubble; this conclusion is, 
however, independent of whether the linear approximation is made. 

It is easy to see in what direction the motion of the bubble will be altered. The 
capillary-type flow at the bubble surface, with respect to the bubble centre, is 
from the warmer to the cooler pole; with respect to the liquid bulk, therefore, the 
bubble will move in the direction of its warmer pole. Bubbles ought therefore to 
be ‘attracted’ by hot objects. This is easily demonstrated to be the case for small 
bubbles by touching a hot soldering iron to a test-tube containing any very clean 
liquid which has been shaken up to contain air bubbles. 


2. Experiments and results 
In order to avoid the effects of changing bubble solubility with temperature, 
the experiments were restricted to the determination of the relationship between 
the bubble radius and the (negative) vertical temperature gradient necessary to 
keep the bubble motionless with respect to the liquid at large distances. From 
dimensional analysis, this relationship may be expected to have the form 
dT |dz = (K/y')(p—p’)gRF(...), (1) 
where d7'/dz is the temperature gradient, K is a numerical constant, F is the 
bubble radius, y’ is the temperature coefficient of surface tension, p and p’ are the 
densities outside and inside the bubble, and g is the acceleration of gravity. The 
function F(...) is any function of dimensionless quantities, e.g. (~/p) (gR?)}, ete. 
The purpose of the experiment was to verify equation (1) and to determine the 
values of K and the function F. 

The experiment was carried out by observing bubbles in a cylindrical sample 
of liquid carried in the gap between the anvils of a machinist’s micrometer. The 
temperatures of the anvils were measured by means of mercury thermometers 
thrust into copper blocks borne by the anvils. The temperature of the lower block 
could be raised by increasing the current through a nichrome wire wrapped 
around the lower copper block. Measurements were confined to the region near 
the vertical axis of the liquid sample in order to minimize any effects associated 
with the free cylindrical surface. Bubble diameters were measured with a 
travelling microscope. The experimental arrangement is illustrated in figure 1. 
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In the experiment, small bubbles were found to collect at the lower (warmer) 
anvil. As the temperature gradient was slowly reduced, the larger of these were 
observed to detach and to rise slowly. A second adjustment of temperature 
gradient then made it possible to poise the bubble essentially motionless midway 
between the anvils. Measurements were made on all bubbles, the residual velocity 
being held by this means within the limits of + 10/s. These bubbles were very 
nearly spherical in shape. 


Hg thermometer 






) rneostat 


Micrometer 


FIGURE Ll. Schematic representation of experimental arrangement. 


ay 
dyne hx 10! 
em-! x EG cal/em Cy 
Fluid p 1x 10? y C-1 deg! deg sec (cal/g) 
n-hexadecane 0-773 3°52 27:66 —0-106 0-805 3-5 0-495 
DC 200, 20 es 0-955 19 20:50 —0-062 1-0 34 0-34 
200 es 0-971 193 21:04 —0-065 0-94 37 0:35 
1000 es 0-973 973 21-13 —0-061 0-9 38 0-37 
Air, 20°C, latm. 0-0012 0-0018 2 0-57 0-25 
p = density, “ = viscosity, y = surface tension, y’ = therma. coefficient of surface 
tension, & = coefficient of volume expansion, h = thermal conductivity, c, = heat 


capacity, ¢c.g.s. units used throughout, temperature in °C. 
* N. O. Young, 1955, Rev. Sev. Inst. 26, 561. Probable error on y’ measurements is 


about LO. 


TABLE 1. Fluid properties 


In order to avoid free convective flow in the liquid sample, care was taken to 
keep the Rayleigh number, .V, well below the critical value of about 2000.* 

Measurements were carried out on air bubbles in the organic liquid n-hexa- 
decane and in three Dow-Corning silicone oils of the DC 200 series. The viscosities 
of the three silicone oils differ widely while virtually all of their other specific 
properties are approximately the same. Specific parameters for each liquid are 
listed in table 1. 

* The Rayleigh number is defined as N (pgab'/uo) (dT /dz), where a, b, yw and o 
represent the thermal coefficient of expansion, depth of the liquid, viscosity and thermal 


diffusivity, respectively (see Lin 1955). 
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The liquid n-hexadecane is easily contaminated by the introduction of very 
slight amounts of silicone oil, and was included for this reason. It was found that 
the introduction of very small amounts of silicone contaminant was sufficient to 
prevent completely the abnormal bubble behaviour under consideration, and this 
is taken as convincing evidence that the effect in question is a surface tension 
effect. On the other hand, it is known that it is very difficult to form monolayers 
on silicone, since virtually all contaminants remain in the bulk phase. In the 
present experiment it was found that the addition of relatively large amounts of 
contaminant to the silicone oils was ineffective in preventing abnormal motion. 


ubble diameter (em) 


> 
) 





Temperature gradient (°C/em 


FicurE 2. Bubble diameter, 2R, vs temperature gradient necessary to hold bubble 
stationary , DC 200, 20 es; A, DC 200, 200 es; @, DC 200, 1000 cs. 
1 / 


A=v’ — —0-06 dvne/em: B= s 0-07 dyne/em ( Vv 0-08 dyne/em. 


The data for the three silicone oils is presented graphically in figure 2. The 


theory in the following section predicts that the value of K is $ and that the 


function F of equation (1) is equal to unity. Thus, the straight lines represent 


equation (1) (with K = 2 and F = 1) for three different values of y’. There are 
three principle sources of error involved in this determination; first, an uncertainty 
of about 10° in the value of y’; an estimated probable error of about 10% u 
measuring bubble diameter (this error may perhaps be as large as 20-25 % for 
the smallest bubbles): and finally, an error resulting from the + 10 /s uncertainty 
in residual velocity. This error is greatest for those bubbles whose normal 
(Stokesian) velocity is smallest; thus, the residual velocity errors are greatest fol 


for the highest viscosity 


the smallest bubbles. and 
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It will be seen that the data confirm the theory within the limits of experi- 
mental accuracy. The critical temperature gradient is proportional to the bubble 
radius and is independent of viscosity (which varies by a factor of fifty among the 
three oils). 


3. Derivation of the motion of a bubble in a vertical temperature 
gradient 


In this section the flow field around a stationary undeformed bubble in a 
temperature field is derived. The analysis which follows is essentially a pertur- 
bation calculation, the unperturbed solution being one of no flow at all. It is then 
consistent with perturbation theory to neglect bubble deformations to the first 
order. 

The centre of the bubble is taken as the origin of co-ordinates, and the z direction 
(direction of gravity) as the polar axis. Let p and yw be the density and viscosity, 
respectively, of the fluid outside the bubble (assumed to be infinite in extent) and 
let T' be the temperature field outside the bubble. Corresponding quantities inside 
the bubble are denoted by the same symbols primed, e.g. p’, ’, T’. The linearized 
Navier-Stokes equations describing the flow are (Birkhoff 1950) 


“V?u = grad(p+pgz), divu= 0, (2) 


where uw is the flow field outside the bubble and p is the pressure. Identical 
equations describe the flow field u’ inside the bubble. Quadratic (inertial) terms 
have been neglected in equation (2); this is the approximation of ‘creeping flow’ 
and may be expected to be valid for small bubbles under the same conditions which 
make valid Stokes’s law for a freely rising bubble (Lamb 1945). 

The energy equation governs the temperature distribution. If o is the thermal 
diffusivity of the liquid outside the bubble, this equation has the form, for the 
steady state (Jakob 1942) (u.grad) 7 = oV27. (3) 


A similar equation holds inside the bubbles for 7". If o is sufficiently large, it is 
consistent with the approximation of creeping flow to neglect forced convection 
in determining the temperature distribution. With this approximation, 7’ be- 
comes a solution of Laplace’s equation 
VT = 0. (4) 
The axially symmetric solutions for flow around and within a spherical bubble 
have been derived by Rybezynski (1911) and by Hadamard (1911). If uw, and u, 
represent the radial and transverse components of the flow field outside the 
bubble, with uw). and uw, their counterparts within the bubble, the solution is 


u, = [(a/p) (r—1 — R*r-3) + v,(1 — R3r-3)] cos 8, (5a) 
Uy = —[(a/e) (r14+ Rer-3) + v,(1 + 4 R3r-)] sin 8, (5b) 
uj. = (a’/10n") (r? — R?) cos 8, (5c) 
Up = —(a’/10m’) (27? — R?) sin 8, (5d) 
p = (a/r*) cos 6 — pgr cos 0, (5e) 
p’ = a'rcos0—p’'gr cos 0 + a4, (5f) 
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where a, a’ and aj are constants to be determined by the boundary conditions, 
Ris the bubble radius and v, is the velocity of rise of the bubble (later to be set 


equal to zero).* 
We must include with these results the appropriate solutions of equation (4) 


T = %+T7,(r +k/r*) cos 0, (6a) 
T = 1T,+T,k'r cos 0, (6b) 


where k, k’, T, and 7, are constants also to be determined from the boundary 
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Figure 3. Flow field within and around the bubble. 


The solutions expressed by equations (5) and (6) automatically satisfy condi- 
tions of regularity at the origin, and also satisfy the asymptotic conditions 
u —> (0, 0, v%), T>T,+T,z, as |r| oo. (7) 
Furthermore, the constants in these solutions have been chosen so that at the 
bubble surface w, = wu). = 0, since there can be no flow across the bubble surface. 
Additional boundary conditions must be applied at r = R to express (a) con- 
tinuity of w, across the bubble surface, (b) continuity of shear stress across the 
surface, including that due to the thermal variation in surface tension, (c) con- 
tinuity of normal stress across the surface, (d) continuity of temperature across 
the surface, and (e) continuity of heat flux across the surface. These conditions 


p> —p9; 


are expressed by u,(R, 0) = ui(R, 0), (8a) 
[u’ (Oug/or — ug/r) — e(CuUg/Or — Ug/r) — 1 0y/00),_p = 9, (8d) 
[p’ —pt 2 0u,/or — 2n’ du,/or — 2y/R),_p = 9, (8c) 
T(R,0) = T'(R, 98), (8d) 
[hot /or —h’ oT /or},_p = 9, (Se) 
* The solutions correctly describe the physical situation only when v, = 0. 
23-2 
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where h and h’ are the thermal conductivities outside and inside the bubble. 
respectively. When these five conditions are imposed on the solutions given by 
equations (7) and (8), the constants a, a’, dy, k and k’ may be eliminated, and the 
single relation which obtains among the remaining parameters is 


Yo = (3/) Ye RT, — (p —p') g R2(wt 1)] Be 4+ 2’) 4, (9) 


where 7). = 37,/(2+h'/h). Setting vy = 0 in this equation gives the required 
relationship between the fluid parameters and d7'/dz for the stationary bubble. 
Putting p’ = y’ = h’ = 0, which is correct to within a few percent, yields equa- 
tion (1) with A = 2and F = 1. Thestreamlines for the flow within and around the 
bubble are illustrated in figure 3. 

Equation (9), it may be noted, agrees with the law derived by Hadamard and 
Rybezynski when y’ = 0. The term involving y’ enters in exactly the same way 
as the slip coefficient applied by Epstein (1924) to Stokes’s law. 

If in equation (9) we neglect unprimed quantities compared to primed ones, 
the case of the droplet falling in a gas results. It is seen that, by neglecting A and 
/4 in equation (9), the term involving y’ disappears and Stokes’s law is obtained. 
Thus the effect is extremely small for the case of droplets falling in a gas unless the 
droplet radius is of the order of 3uy’hT,/u'h'p’g. It is possible that this situation is 
realized in the case of burning fuel droplets. 


This work was supported in part by The Engineering Research and Develop- 
ment Laboratory, Fort Belvoir, Virginia. 
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Two-dimensional convection from heated wires 
at low Reynolds numbers 


By D. C. COLLIS AnD M. J. WILLIAMS 


Aeronautical Research Laboratories, Australian Defence Scientific Service 
(Received 16 July 1958 and in revised form 21 March 1959) 


Measurements of heat transfer from circular wires placed normal to a horizontal 
airstream have been made in the Reynolds number range 0-01 to 140. The 
Nusselt number can be related to the Reynolds number and temperature loading 
by an expression of the form 


0-17 


y(n) — A+ BR, 


where the values of n, A and B (see table 3) depend on whether the Reynolds 
number is above or below the value for which a vortex street exists in the wake 
of the wire. This value of the Reynolds number (R = 44) is independent of the 
intensity and scale of the stream turbulence. The theoretical heat transfer 
relation based on the Oseen approximation is approached asymptotically as 
R + 0, provided free convection is negligible. 

Free convection effects diminish rapidly with increasing Reynolds number so 
that the orientation of the wire with respect to the vertical has a negligible in- 
fluence on heat transfer except at very low velocities. For horizontal wires at 
very low Reynolds numbers, free convection is significant, when, roughly speaking, 
the Reynolds number is less than the cube root of the Grashof number. 


1, Introduction 

Heat transfer from circular cylinders by forced convection has been widely 
studied because of its engineering importance. This paper is concerned only 
with the range of variables encompassed in instruments employing heated 
cylindrical wires as sensing elements (Corrsin 1949). The most important 
application of hot-wire instruments is probably in fluid velocity and turbulence 
measurements. Unfortunately, the many advantages of the hot-wire anemo- 
meter in such work are somewhat offset by large uncertainties in the absolute 
magnitude of measured quantities. This deficiency is in part attributable to the 
use of inaccurate heat-transfer relations. The experimental investigation 
described below has yielded a new general relation governing heat-transfer by 
two-dimensional forced convection in air which should assist in improving the 
accuracy of hot-wire measurements. 

Dimensional analysis of the equations for convection of heat by an incom- 
pressible fluid (Goldstein 1938) shows that the dimensionless heat-transfer 
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coefficient, or Nusselt number JN, is a function of the flow parameters and fluid 
yroperties as follows: Senne 
Pro} N =f(R,G,0), (1) 


where Ff is the Reynolds number, G the Grashof number, and o is the Prandtl 
number. This analysis assumes that the fluid properties are independent of 
temperature and that it is a continuous medium. The former assumption is 
rarely valid, and it is customary to take account of this by introducing a para- 
meter representing the temperature loading of the heated body, e.g. 7',/T7,, or 
T,,/T., where T’ denotes temperature and the suffixes W, oo, m respectively 
signify conditions at the body surface, in the free stream, and the arithmetic 
mean of these. In the experiments reported here, some of the heated wires were 
sufficiently small in diameter for the effects of the molecular nature of air to be 
experienced. Molecular effects take the form of changed boundary conditions 
as compared with continuum flow—there is a jump in temperature between the 
surface of the wire and the gas adjacent to it, and the fluid slips or moves over 
the surface with a finite velocity. In rarefied gas dynamics the ratio of mean free 
path to cylinder-diameter, i.e. the Knudsen number K, is recognized as the 
parameter characterizing molecular effects. Thus, for the complete specification 
of convective heat transfer from fine hot wires, a relation of the following type 


is required: N =f(R,G,o,K,T.,|T,,). (2) 


There is still insufficient knowledge of the subject to permit the formulation of 
such a relation, and in any case it would be too unwieldy for practical purposes. 
In practice, free and forced convection are treated separately. As a result of 
recent investigations (e.g. Collis & Williams 1954), free convection from wires in 
aircan be specifiedintheform .,, 2, » om : 
N = {(G, T,, in) (3) 


for Grashof numbers as small as 10-!°, It has been further reported (Beckers 
et al. 1956) that free convection at Grashof numbers less than about unity is 
independent of Prandtl number, so that equation (3) is valid for other fluids in 
this case. Forced convection from hot wires in air has long been specified by 
simple relations of the following type, or by its equivalent in dimensional 


N =f(R,T.,|T.). (4) 


m 


variables: 


The results of the present measurements are also given in this form. The variation 
of Prandtl number of air with temperature is small and can be combined with 
other temperature loading effects. Explicit introduction of the parameter K 
has been dispensed with, because molecular effects are small enough to be treated 
as a correction to the continuum heat transfer coefficient. This correction, 
described in Appendix A, is made on the assumption that temperature jump is 
solely responsible for the observed reduction in the Nusselt number. Rough 
estimates suggest that the effect of velocity slip would lie between } and + of the 
jump effect in the present experiments. 

At sufficiently low Reynolds numbers, forced and free convection interact in 
a manner which has not yet been fully investigated. Ower & Johansen (1931) 
and Cooper & Linton (see Ower 1949) have described this interaction, essentially 
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in a qualitative manner. In the particular case of horizontal wires in a hori- 
zontal air stream, sufficient data was obtained in the present series of experiments 
to permit the formulation of a criterion for the onset of significant free convection 
as the Reynolds number is decreased from values where forced convection pre- 
dominates. Further, it has been clearly shown that at higher Reynolds numbers 
beyond this small region of interaction, the effect of free convection is quite 
negligible. This observation shows that the method of hot-wire anemometer 
calibration which involves the measurement of heat transfer at zero Reynolds 
number is erroneously based. 

Since the primary aim of this work was to establish precise heat transfer laws 
for forced convection at low Reynolds numbers the existing information on this 
subject will now be examined in more detail. 


2. Review of data on forced convection at low Reyn: ids numbers 
The results of the more important forced convection investigations have been 
collected and correlated by McAdams (1954). The scatter of results is rather large, 
but a correlation between N and R, satisfactory for many engineering purposes, 
has been achieved for temperature loadings up to 1000°C by evaluating the 
thermal conductivity & and the dynamic viscosity of the gas at a temperature 
halfway between the cylinder temperature and the ambient or free-stream tem- 
perature, i.e. $(7,+ 7),), and the density p at free stream temperature. In the 
Reynolds number range 0-1 to 250,000, McAdams gives co-ordinates of a recom- 
mended mean curve, whilst for the smaller range 0-1 to 1000, he gives the equation 


N = 032+ 0-43R°2, (5) 


Mean equations such as this smooth out the finer details, and therefore are 
too crude to form the basis for accurate measuring devices, particularly those 
which, like the turbulence hot wire, depend on the values of ¢N/0R at the 
operating point. It is probable that a single careful investigation, covering 
perhaps a more restricted range of the variables, would yield more satisfactory 
heat-transfer relations. 

Of the various sources quoted by McAdams, only two contribute extensive 
data at Reynolds numbers in the range of operation of hot-wire instruments 
(viz. R < 100), namely King (1914) and Hilpert (1933). Hot-wire anemometry 
is almost invariably based on an empirical relation obtained by King. If a wire 
of diameter d, placed normal to an airstream of velocity V, and temperature 7’, 
is heated to a temperature 7;,-, then the heat transfer coefficient H W em~!deg™ 
as given by King’s law is 

H = A{l+y(Ty—-T,,)]+ BIL +4(l yy -T..)] V(V 4). (6) 
where A = 2-50 x 10-4(14 35d) with d in em, B = 1-012 x 10-?,/d, and the tem- 
perature coefficients when 7, = 17 °C are y = 0-00114, 6 = 0-00008. 

King’s experiments were performed with a whirling arm and consequently 
were subject to interference from draughts, both natural and induced. However, 
more recent investigations in wind tunnels or air jets of low turbulence level 
have been found to confirm King’s law, but these investigations have generally 
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covered a very limited range of the variables, and it is doubtful whether the 
results have been examined sufficiently critically. It will be shown later, in fact, 
that King’s results involved some fairly large systematic errors, and that 
because of this the results can be interpreted as being consistent with the proposed 
new heat transfer relation which differs somewhat from equation (6). 

The work of Hilpert is exceptional in that it extends over a very wide Reynolds 
number range and exhibits a high degree of consistency throughout. Hilpert 
expressed his results in the form of a power law 


T,,\¥]" 

N= c|R( T. ) | (7) 
where C and n are constant in specified ranges of R. The method of correlation 
in this equation differs from that of McAdams in that the gas density as well as 
the conductivity and viscosity are evaluated at the mean temperature,} 
(7, + T,,). Table 1 contains values of C and n for the ranges of interest here. 


R C n 
1-4 0-891 0-330 
4-40 0-82] 0-385 

40-4000 0-615 0-466 


TABLE | 


There are two reasons which possibly account for the fact that the results 
have not been applied extensively in instrument work. First, the temperature 
factor was based on a series of measurements in which the Reynolds number 
varied only through a small range. It was therefore not shown that this factor 
retains the same form in other ranges of Reynolds number, although some 
support was derived by correlating some of King’s data at lower Reynolds 
numbers. Secondly, the series of simple power laws is probably only an approxi- 
mate representation of the data, which could lead to appreciable errors in 
deriving the local slope of the heat-transfer curve. Although the experimental 
results were published in tabular form, no alternative analysis seems to have 
been attempted, and the discontinuities in the slope of the heat-transfer curve 
which Hilpert noted at R= 4 and R = 40, have been generally ignored in 
instrument work. The second of these irregularities obviously could arise from 
the sudden change in nature of the flow, which occurs when vortices begin to 
detach from the rear of the cylinder. The former, which was less well defined, 
might be due to the formation of standing vortices—a more gradual process. 

\ theoretical solution to the forced convection problem for Reynolds numbers 
in the range of 0-1 to 100 is extremely difficult, since neither the slow viscous flow 
ipproach on the one hand, nor the use of boundary layer approximations on the 
other, is allowable for most of the range. The one well-known solution for forced 

+ Allowance for this difference has not been made by McAdams (1954) in incorporating 
Hilpert’s results in McAdams’ figure 10-7. The required adjustment amounts to an in- 


crease of 13$% in Reynolds number. A rather smaller adjustment to McAdams’ recom- 
mended curve seems indicated. 














con’ 
pote 
app 
dim 


wh 


Th 
thi 
th 


er the 
n fact. 
l that 


posed 


molds 


lil pert 


(7) 


ation 
ell as 
ure,y 
re. 


sults 
ture 
ber 
tor 
me 
Ids 
)XI- 
in 
tal 








= = © Cc? 
= ; — 
f . ~ 
——_ 
-_ 
ee 








Two-dimensional convection from heated wires 361 


convection from wires, that due to King, avoids the difficulty by assuming 
potential flow. King’s solution is somewhat tedious to evaluate, but can be 
approximated closely by two equations of simpler form. Written in non- 
dimensional terms these aret 


») 
N ee (Ro < 0-08), (8) 
log (2¢ l—Yz Ro) } 
where Yj = 0-577... is Kuler’s constant, and 
l 2 
N = -4 i Ro) (Ro > 0-08). (9) 
a AL NE 


The second equation is identical in form with King’s experimental law, except 
that it does not include the effect of temperature on the physical properties of 
the gas. Comparison with experimental data shows that it overestimates the 
heat transfer by up to 40 %. Apart from this, the basic assumptions of the theory 
have been held to be unsatisfactory (Goldstein 1938). The theory thus is of no 
help in assessing the relative merits of experimental results. 

A useful piece of theory (although of limited scope) is that based on the Oseen 
approximation. This is of course strictly valid only in the limit as R + 0. Cole 
& Roshko (1954) find that this approximation yields the solution 


= log —YVr- (10) 


N 
Experimental work by the same authors failed to substantiate equation (10) due, 
it was thought, to disturbance of the two-dimensional convection by three- 
dimensional effects. 

The investigation which is now described was provoked by observations that 
hot-wire anemometer calibrations made under near-ideal conditions tended to 
deviate systematically, and always in the same manner, from King’s law 
(equation (6)). The nature of these deviations was such as to indicate a somewhat 
different dependence of heat-transfer on velocity from that of equation (6). 
A modification of King’s law is proposed in this paper following careful measure- 
ments involving a wide range of air velocities, wire diameters and temperature 
loading. The existence of at least one discontinuity in the heat transfer relation 
as previously observed by Hilpert has been verified. The dependence on tem- 
perature loading was found to agree in magnitude with Hilpert’s finding rather 


than with that of King. 


3. Description of measurements 

3.1. Equipment 
Heat transfer measurements in the speed range 6—140ft./sec were made with 
electrically heated wires in a small closed-return wind-tunnel (test-section area 
104 x 134 in.) of conventional design. An excellent distribution of velocity and 
a low turbulence level were obtained by using a single wire gauze screen in the 


+ The specific heat at constant volume has been replaced by that at constant pressure, 
which seems to be more appropriate in this problem. 
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settling chamber followed by a 4:1 contraction of area. The longitudinal com- 
ponent of turbulence was found to be 0-08 % at 50 ft./sec. Air speed was deter- 
mined from the pressure drop across the contraction, which was calibrated by 
means of a Pitot-statie tube placed at the position later occupied by the heated 
wires. The temperature of the air in the tunnel was slightly sensitive to changes in 
atmospheric conditions, and also changed several degrees during runs at the 
higher speeds due to viscous dissipation. As heat-transfer measurements were 
made for temperature loadings as small as 30°C, a check on changes in ambient 
temperature was thus essential. This was made by means of a rapid response, 
platinum thermometer placed near to, but clear of, the wake of the heated wire. 
Krom time to time an ambient temperature reading was obtained from the test 
wire itself. Comparison of such readings with those of the monitoring thermo- 
meter served as a check on changes in the test wire arising from strain or other 
causes. Ambient temperature varied between 10 and 25°C during the experi- 
ments. 

For measurements at lower air speeds, namely, from 0-08 to 1-42 ft./sec, a 
cylindrical duct fitted at the intake end with a bell mouth, honeycomb and gauze 
was used. Air speed was measured by means of a Simmons’ shielded anemo- 
meter (Simmons 1949), which was originally calibrated on a whirling arm at the 
National Physical Laboratory.+ Flow conditions in this duct were much less 
steady than in the wind-tunnel, and velocity measurements were less accurate. 
Thus, in the experimental results presented later, there is a greater scatter 
amongst data taken at speeds less than 6 ft./sec. 


3.2. Wire assemblies 

In some earlier work in this field the effect of finite wire length has been 
largely eliminated by attaching potential taps to the heated wire, so that end 
losses are not included in the measured heat transfer. This device is not practic- 
able for the finer wire used in the present work. The procedure adopted was to 
use very long wires and correct the results for the small residual transmission of 
heat to the supports by the method given by Simmons & Beavan (1934). The 
maximum correction necessary was 3-6 %. 

The heavier gauges of wire were mounted by soldering them between slender 
steel prongs as in figure 1(@). Tension was applied subsequently by a screw 
adjustment. The finest gauge wires which were prepared from Wollaston wire 
could not be mounted under tension without risk of breakage by vibration. An 
arrangement in which tension is maintained by air-drag was therefore used. An 
assembly of this type is shown in figure 1 (b). The Wollaston wire is soldered in 
a slack loop trailing downstream of the prongs. The silver layer is then etched from 
the centre of the loop and the platinum is straightened by manipulation of the 
remaining silver supports. At the maximum speed at which the finest wire was 
used, namely, 100 ft./sec, the platinum was deformed into a catenary with the 
tangent at either end inclined at about 5° to the normal to the air stream. This 
deformation would have a negligible effect on the rate of heat transfer. 


+ In using the Simmons’ anemometer as a transfer device, no assumption about the 
heat transfer law applicable to this instrument is involved. 
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Test wire 














26 S.W.g. : 
spring steel wire 


12 s.w.g. copper wire 


P.V.C. sleeving 





Screw adjustment 
of tension 


Approx. half size 


a) 0:00535 and 0:00090 cm diameter wires 







Wollaston wire 


Etched portion 0-003 cm diameter 





26 s.W.g. spring 
steel wire 


Stainless-steel 
hypodermic tubing 
0-175 cm diameter 


Approx. twice full size 


b) 0:000295 cm diameter wire 


FIGURE 1. Wire support geometry. 


3.3. Properties of the heated wires 
Wires of nominally pure platinum were employed for all of the measurements. 
The dimensions of each wire and the temperature coefficient of electrical resist- 
ance of the material are given in table 2. An optical interference method was used 
to determine the diameters of the finer specimens of wire whilst a similar tech- 
nique combined with the use of slip gauges was used for the thickest wire. Accuracy 
of the two methods was about 2 and 1%, respectively. A travelling micro- 
scope was used for the length measurements. The temperature coefficients of 
resistance were measured over the interval 0-100°C, using melting ice and 
steam baths. The variation of this coefficient is indicative of impurities in the 
platinum. 

The length of each specimen was made as great as practicable to minimize 
both the metallic conduction heat transfer and other three-dimensional effects. 
Free convection measurements (Collis & Williams 1954) have shown that all 
end effects (including metallic conduction) are small for J/d > 20,000, even at 
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very small values of the Nusselt number. As the Nusselt number increases the 
hot air film diminishes in thickness, and rough calculations based on the Langmuir 
concept of a concentric cylindrical film suggested that //d > 1000 would be 
adequate for these experiments. However, the concentric film concept is not 
valid for forced convection, so that in the absence of a more reliable cuide a 
large margin of safety in the aspect ratio was considered desirable. The most 
critical condition occurred with the finest gauge wire at the lowest. velocities. 
The specimen with //d = 5370 was therefore used for all measurements at speeds 
less than 6ft./sec. At higher speeds most of the measurements were made with 
a shorter, and therefore stronger specimen in order to minimize errors arising 
from strain and permanent deformation of the wire. 


Diameter d Length 1 Aspect ratio Temp. coeff. 
(em) (em) L/d of resistance 
0-000295 0-872 2950 0-00370 
0-000295 -585 5370 0-0037' 
0-00090 780 8660 0-00380 
0-00535 11-10 2070 0-00342 
TABLE 2 


3.4. Measurement of heat-transfe r coefficients 
The wires under test were heated electrically and the power dissipated in the 
wire was computed from measurements of the heating current and wire resist- 
ance. The heat lost by convection is equated to the electrical power dissipation, 
less losses to the supporting wires. The temperature loading was determined by 
using the test wire as an electrical resistance thermometer. Temperatures on the 
International Temperature Scale were obtained by first calculating temperatures 
on the platinum scale using the measured temperature coefficients and then 
applying a correction by the Callendar method (Kaye & Laby 1948), assuming the 
difference coefficient d = 1-5. Resistance of the wire at ambient temperature 
was determined by extrapolating to zero power dissipation. Ambient tem- 
perature was measured on a mercury thermometer prior to a run and 


corrected for rapid changes by reference to the platinum thermometer referred 
Radiation losses were computed and found to be negligible throughout 


per: Kddy shedding servations 

\ hot wire anemometer was mounted in the wake of an unheated wire, of 
0-00535 cm diameter, and a turbulence amplifier with a useful frequency range 
up to about 70 kilocycles per second was used to detect eddies shed from the 
upstream wire. Turbulence level and scale were varied by inserting square-mesh 
wire grids into the working section upstream of the wires. Determinations of 
the Reynolds number at which eddy shedding commenced was made for a range 
of turbulence conditions. 
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4, Results 
The results discussed in $$ 4.1 to 4.4 refer to horizontal wires in a horizontal 


airstream normal to the wire. The effect of orientation is considered in § 4.5. 


1.1. Method of correlation 

When formulating empirical relationships it is customary to attempt to 
remove explicit dependence of the Nusselt number on temperature loading by 
evaluating the physical properties of the fluid at some suitable temperature. 
Choosing this temperature on the grounds of physical significance does not 
always lead to a unique simple relationship between the variables. Here, the 
system used by Hilpert has been followed (except where otherwise stated) as it 
leads to a compact expression of the results in the Reynolds number range con- 
cerned. Thus, the fluid properties—thermal conductivity, density and viscosity 

are evaluated at a temperature which is the arithmetic mean of the free stream 
(or ambient) and cylinder temperatures. This system, it will be recalled, differs 
from that used by McAdams, who evaluated density at the free stream tem- 
perature. 

Values of the thermal conductivity of air were computed from a formula 
given by Kannuluik & Carman (1951) which, for thermal conductivity in 
electrical units, is 

hk, = 2-41 x 10-4(1 + 0-00317¢ — 0-000002 127), (11) 


where k,Wem-'deg.-! is the thermal conductivity at temperature ¢°C. The 
ratio of viscosity to density of air, i.e. the kinematic viscosity s/o, was obtained 
from tables in Goldstein (1938). 


4.2. Correlation of forced convection data 

The range of Knudsen number K, involved in these measurements is too small 
to attempt an accurate evaluation of the effect of temperature jump on heat 
transfer. However, in order to reduce all of the data to comparable conditions 
a correction was applied to reduce the measured heat-transfer coefficients to 
continuum values. Figure 2 has been drawn to exhibit the magnitude of the 
correction necessitated by temperature jump. A low-temperature loading was 
chosen for this illustration to avoid complications arising from temperature 
dependence of the fluid properties. The derivation of a correction for temperature 
jump based on kinetic theory is givenin Appendix A. It is assumed that the mea- 
sured rate of heat transfer is that which would occur in a continuum under the 
temperature difference which exists in the gas outside the region of discontinuity. 
The continuum Nusselt number JN, is then related approximately to the apparent 
or measured value N,, in the following way for low temperature loadings: 


ae! a (12) 


For high-temperature loadings, allowance must be made for the temperature 
dependence of mean free path and thermal conductivity as shown in Appendix A. 
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Applying the correction enables all data pertaining solely to forced convection 
to be consolidated into a single curve for each temperature loading. This jg 
demonstrated on a logarithmic scale for a low- and a high-temperature loading 
by means of figure 3. The series of points which diverge sharply from the upper 
forced convection curve at low Reynolds numbers are associated with heat 
transfer due to mixed free and forced convection. The conditions under which 
free convection becomes important are discussed in a later paragraph. The 
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FIGURE 2. Effect of temperature jump on heat transfer. 


evaluation of fluid properties at the arithmetic mean temperature T', clearly does 
not entirely eliminate the temperature loading 7',-/T., or T,,/7,, as a necessary 
parameter. Nevertheless, the residual effect of temperature loading is small and 
is essentially independent of Reynolds number. The effect amounts to roughly 
7 °%% increase in Nusselt number for an increase in temperature difference from 
30 to 320°C. Thus, for the range of variables covered in this work, the dimension- 
less heat-transfer coefficient, temperature loading and mass flow can be corre- 
lated by an equation of the form 


J 


N.g( = ) =f(R), (13) 
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where g and f are functions to be determined. A satisfactory form for the tem 
0-17 


o("s) = (2) me 


It should be noted that this function is somewhat dependent on the values chosen 


perature function is 


for the thermal conductivity, and various sources differ somewhat in their values 
at elevated temperatures. In figure 4 the effectiveness of relations (13) and (14) 
in condensing the whole body of forced convection data into a single curve is 
demonstrated. 
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The next step is to find a convenient analytical approximation to the flow 
function f(#). Since it is usually accepted that the data conform to King’s 
equation (with modified constants), it will be instructive to make the comparison. 
remembering that the investigation was undertaken because of suspected 
departures from King’s law. Figure 5 shows clearly that the supposed linear 
\/ 
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relation between NV and ,/# is no more than a rough approximation at Reynolds 
numbers less than about 44. Thus, the constants of King’s law as determined by 
experiment must be somewhat arbitrary, because of the latitude available in 
approximating the curves of figure 5 by straight lines. In particular the slope 
of such lines is very variable, which explains a great deal of the inconsistency 
common in turbulence measurements by hot wire. At Reynolds numbers greater 
than 44 or thereabouts, eddies are shed from the rear of the cylinder. The change 
in the velocity distribution, which occurs abruptly, gives rise to the marked 
change of slope of the heat-loss curves which can be seen in figure 5, at about 
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he flow yk 6-6. The funetion f(R) thus has some sort of discontinuity at this critical 
Reynolds number. By trial and error it was found that the experimental data 
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ranges prescribed there. Most of the data shown in figure 4 are replotted in 
figure 6, showing how the 0-45 power law is satisfied in the range specified in 
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k = 0-02, equation (15), with appropriate constants, overestimates the Nusselt 
number by 2 or 3 %, and the error increases rapidly if the same relation is used at 
smaller Reynolds numbers. 


0-02 <R < 44 44<R< 140 
n 0:45 0-51 
A 0-24 0 
B 0:56 0-48 


TABLE 3 


1.3. Forced convection at very low Reynolds numbers 


The theoretical solution for two-dimensional forced convection from cylinders 
obtained by Cole & Roshko (1954) using the Oseen method, is believed to be 
correct in the limit as R 0, and should not be greatly in error for R <1. 
A comparison of the experimental results at low Reynolds numbers, with the 
Oseen solution, thus provides a check on the general soundness of the measure- 
ments and in particular of their approach to two-dimensionality. This comparison 
is made in figure 7 for large and small temperature loadings. The straight (broken) 
line represents the Oseen solution (equation (10)). Some data depart noticeably 
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from the forced convection curve because of buoyancy effects, but the smooth 
curve through the bulk of the points asymptotes to the Oseen soiution as R — 0. 
I'his curve deviates from the theoretical one by about 5° at R = 0-01, and 
diverges steadily as the Reynolds number increases, as would be expected. The 
discrepancy is thus too great for the Oseen solution to have much value as a 
working rule for forced convection at low Reynolds numbers. However, a relation 
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of similar form can be used to describe the experimental results for R < 0-5 
with an error less than the experimental scatter: 


Vv ere ao ] 
>t 1-18—1-10log,, R° 


This equation agrees with equation (15) to within 2 % in the range 0-02 < R < 0-5, 
and is in better agreement with experiment at R < 0-02 than is equation (15). 
Equation (16) will aimost certainly be a good approximation for two-dimensional 


(16) 


heat transfer at any lower Reynolds numbers which are attainable under con- 
tinuum conditions (or nearly such) and in the absence of significant buoyancy 
effects. 

4.4. Mixed free and forced convection 
As we have noted, certain series of points diverge quite sharply from the 
forced convection curve near the lower end of the Reynolds number range. This 
divergence occurs because the components of velocity, induced in the heated 
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fluid adjacent to the cylinder by buoyancy forces, become comparable in magni- 
tude with components of the forced draught. Figures 3, 4, 6 and 7 show that the 
points of divergence depend markedly on cylinder diameter. By plotting the 
very low Reynolds number data on an enlarged scale as in figure 8, a temperature 
dependence is also observed. In this figure the method of correlation has been 
moditied to the extent that the gas density embodied in the Reynolds number is 
evaluated at ambient temperature after the practice of McAdams (1954). This 
allows the temperature function of equation (15) to be discarded for the particular 
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mall range of Reynolds numbers involved—a fact which will prove convenient 


presently (Appendix Bb). The data pertain to one wire diameter only, but the 


suoyancy effect sets in at different Reynolds numbers for each temperature. 
it is also clearly shown that, as the Reynolds number is further reduced, the 
heat-transfer rate passes through a shallow minimum before reaching the free 


convection value at zero Reynolds number. This curious phenomenon was 
ipparently first observed by Ower & Johansen (1931) and later confirmed by 
others. However, except for special cases, the conditions governing the occur- 
ence of mixed free and forced convection do not appear to have been qua ‘l- 


tatively determined. Some information on this question can now be derived. 
Since free convection and forced convection in a particular fluid (o = const.) 
lepend primarily on the Grashof and Reynolds numbers, respectively, a criterion 


for mixed flow involving only these two parameters should exist. This is con- 
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sistent qualitatively with the observed dependence on diameter and temperature. 
As a characteristic point of the mixed flow régime, we have chosen the condition 
for which the Nusselt number of mixed convection equals that for pure free con- 
vection at the same Grashof number. This point has the practical significance 
that it defines the lowest Reynolds number at which the hot wire in question can 
be used as an anemometer without ambiguity. Furthermore, the trend of the 
data with increasing Reynolds numbers indicates that the effect of buoyancy 
on the forced convection rapidly becomes negligible. In figure 9, the values of 
Reynolds and Grashof numbers, associated with these points of equal Nusselt 
number, have been plotted. Points pertaining to the finest wire could only be 
obtained by extrapolation. Giving less weight to these points, the conclusion 
was reached that buovancy effects are small providedt 


R.. > Gi. (17) 


The suffixes denote evaluation of the fluid properties at ambient temperature, 
but the conclusion, being very approximate, is not sensitive to the temperature 
dependence of these properties. 

Another criterion based on a greater volume of data is obtained in Appendix B, 
and is probably more accurate for a limited range of Reynolds number. It is 
derived by assuming that there is no deviation from the pure forced convection 
relation (equation (16)) due to buoyancy effect until the Nusselt number reaches 
that due to free convection alone. The details of this analysis are given in 
Appendix B. The criterion derived for Reynolds numbers less than about 0-1 
is that 


0-76 


> 1x 10-39 - 
a= 1-852 (7) F (18) 


The straight line corresponding to zero temperature loading (7;,/T,, = 1) is 
shown in figure 9. The overall trend of the experimental points is followed, but 
in general the Reynolds number predicted is too high for a given Grashof number 
because of the assumption of no-deviation from the forced convection relation 
(16). The groups of points belonging to two of the three wires show additional 
dependence on temperature in good agreement with equation (18). Apart from 
the numerical factor it seems that equation (18) provides a fair criterion for the 
onset of buoyancy effects. In particular, it follows that 
| T,\3 
on = const. x ds(Ti, ~- | “a . (19) 
x, 
where J"... is the lowest velocity which can be measured without ambiguity by 
a hot wire of large aspect ratio. It is interesting to note that the lower limit of 
usefulness of the hot wire is very little dependent on diameter. This discussion 
applies, of course, only to wires of large aspect ratio, where the heat flow is two 


dimensional. For sufficiently small aspect-ratio wires three-dimensional heat 


+ It has recently been pointed out by Dr J. J. Mahony that this conclusion could be 
derived by the method of Appendix B if the heat transfer relations used are the Oseen 
solution (10) and Mahony’s asymptotic formula for free convection at very low Grashof 


numbers Mahony 1956). 
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transfer may modify the heat flux at Reynolds numbers higher than those 
defined by equation (18). 

Since the preceding discussion is based on that segment of the experimental 
results for which errors were greatest, the quantitative aspects should be 
regarded as being essentially exploratory in nature, and the results treated with 
appropriate reserve. 

4.5. Effect of orientation 

The orientation with respect to the vertical, of the hot wire and of the plane 
of the airstream, is important in free convection and consequently has a bearing 
on the interaction of free and forced convection. As already stated, the preceding 
discussion (§$ 4.1 to 4.4) refers only to horizontal wires in a horizontal stream. 
[t has been shown (Collis & Williams 1954) that in free convection two-dimen- 
sional heat transfer from vertical wires at very low Grashof numbers (< 10-4) 
is not attained even for aspect ratios as large as 20,000. It is certain therefore 
that the aspect ratio would be significant in the case of mixed free and forced 
convection from vertical wires, for all practical values of the aspect ratio. The 
limited accuracy of the equipment available for very low Reynolds number 
observations did not justify a detailed study of this complicated phenomenon. 
However, it has been demonstrated previously (Ower 1949; Simmons 1949) that 
the region of interaction between buoyancy effects and forced convection extends 
over a much smaller velocity range for vertical wires than it does for horizontal 
wires. It may therefore be predicted that the forced convection heat-transfer 
coefficients for vertical and horizontal wires will not differ sensibly for all 
Reynolds numbers substantially greater than the value defined by equation (18). 
Some measurements which bear out this conclusion have been published by 
Simmons (1949), and further evidence is presented in figure 10 of this paper. 
Heat transfer measurements from a single wire of large aspect ratio (1/d = 5400) 
were made for both horizontal and vertical orientations. No significant difference 
was found within the Reynolds number range (about 0-25 to 4) which was 
covered. A systematic discrepancy between the two orientations, rising to 
14% at the highest Reynolds number is discernible, but is within the limit of 
reproducibility imposed by changes in the wire due to strain and annealing. The 
effect of orienting the airstream in other than a horizontal plane has not been 
examined at all. It is clear that with a vertical stream the mechanism of the 
interaction between free and forced convection will differ from that occurring in 
a horizontal stream, since buoyancy forces will be acting in a line parallel to the 
free stream instead of normal to it. The ambiguity in Nusselt number is unlikely 
to be present in the case of an upward directed stream, but will undoubtedly 
exist for a stream directed downwards. 


4.6. Effect of turbulence 
In the low-turbulence airstream of the wind-tunnel the onset of periodic vortex 
shedding was just detectable at R = 46. A small increase in Reynolds number 
(about 5 %) caused the intensity of the velocity fluctuation to rise sharply to a 
level which remained roughly constant as the Reynolds number was further 
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increased. The kink in the heat transfer curve was estimated to occur at R = 44, 
which agrees well with the start of eddy shedding. 

Square-mesh turbulence grids of mesh size §, $ and }¢in. were placed in turn 
across the stream 10 in. ahead of the 0-002 in. (0-00535 em) wire. The turbulence 
level was thus increased in steps (Batchelor & Townsend 1948) whilst main- 
taining the scale of small eddies (the microscale A) about the same. Observations 
of the vortex street became steadily more difficult but vortex shedding still 
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FiaurE 10. Effect of orientation on heat transfer. 
commenced close to R = 46. The frequency of vortex shedding became increas- 
ingly uncertain, due apparently to frequency modulation arising from the 
fluctuating stream velocity, and to lateral displacements of the wake as a whole. 
However, no significant change in the Strouhal number was observed. Since 
the maximum effect of turbulence on the detachment of the vortex layer from 
the cylinder might be expected to occur with high intensity and small scale 
turbulence, the Lin. mesh was installed a distance of 20 mesh lengths upstream. 
Again no significant effect was observed. 

It is perhaps of some interest to note that the vortex shedding frequency in 
these observations varied from 27 to 68 kilocycles per second. 
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5. Further discussion and comparison with earlier work 

The experiments were designed to provide information pertaining to two- 
dimensional heat transfer. The results show that the effect of aspect ratio is 
certainly small, since agreement. within the limits of error is obtained between 
wires of aspect ratio varying from 2070 to 8660. Again, the agreement with the 
Oseen solution for two-dimensional convection at very low Reynolds numbers 
($4.3) is indicative that three-dimensional effects are small even at the lowest 
Reynolds numbers involved, although this situation cannot, of course, continue 
to indefinitely small Reynolds numbers. 

A comparison with representative results taken from King (1914) and Hilpert 
(1933) is made in figure 11. The first impression is of haphazard scatter, but closer 
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FiGuRE 11. Comparison with previous forced convection investigations. 


study shows that the differences between results are very largely systematic. 
Hilpert’s work shows a high degree of self-consistency, and while exhibiting 
similar trends to the authors’ curve the mean slope of a curve fitted to Hilpert’s 
results would be somewhat less. Thus, while there is good agreement in values of 
N inthe vicinity of R = 100, Hilpert’s heat transfer is some 8 % greater at R = 2, 
and at high values of R Hilpert’s curve falls below the authors’ extrapolated 
curve. The change of slope of the N — R relationship due to establishment of a 
vortex street is discernible at about the same point (R = 40) as the bend in the 
authors’ curve. The latter does not exhibit a gradual bend at R = 4 as found by 
Hilpert, but the occurrence of this bend was deduced from an insubstantial 
number of data. Where the vortex street exists, the plot of Hilpert’s results 
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shows an irregularity involving at least one point of inflexion in the range 
40 < R < 500 which is not reflected in his constants of table 1. Unfortunately, 
the authors’ results are too sparse in this range to clarify the matter. The correct 
relation for this range therefore remains in some doubt. Hilpert’s data below the 
eddy-shedding Reynolds numbers conform well to a law involving the 0-45 power 
of the Reynolds number as shown in figure 12. However, the constants differ 
from those given in table 3, for equation (15), particularly the constant, A. 
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FicurE 12. Comparison of Hilpert’s data with equation (15); Rk < 44. 


The data taken from King and plotted in figure 11 represent results for the 
lightest and heaviest wire gauges used by that author, two moderate temperature 
loadings being selected in each case. Near R = 1, heat transfer from the thicker 
wire is undoubtedly augmented slightly by the effect of buoyancy (see § 4.4). 
Apart from this it is remarkable that each series of points (of given diameter and 
temperature loading) is spaced a constant distance in the ordinate direction from 
each other and from the authors’ curve. These discrepancies are evidently due 
to some deficiency in the measurement of the heat-transfer coefficient rather than 
of the Reynolds number. Regardless of the precise nature of this deficiency, it 
may be concluded that King’s heat-transfer coefficients show the same form of 
dependence on the Reynolds number in the range 0-1 < R < 40 as the work 


described here. 
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With regard to the effect of temperature loading, the authors’ results con- 
stitute the only extensive body of consistent data available. The development 
of a method of correlating the heat-transfer coefficient with temperature loading 
was described in § 4.2 (equations (13), (14)). The method satisfactorily accounts 
for the few measurements taken by Hilpert at temperatures other than 100°C, 
This can be seen from figure 11 where representative points at temperature 
loadings up to 1024°C are included. The effectiveness of equations (13) and (14) 
in dealing with King’s results cannot be determined due to the uncertainties in 
those results. King’s own analysis showed deviations of the temperature coeffi- 
cients y and é of equation (6) of up to 50% from their mean value. For R < 44, 
equation (15) can be reduced to a dimensional form equivalent to King’s equa- 
tion (6), viz. 


H = A{l+y(Ty —T.)]+B1+0(Ty —T)] (Vd), (20) 


where A’ and b’ embody physical properties of the fluid and 7,, = 290°K. No 
significance attaches to differences between the values of A’ and B’ and the 
constants A and & of King’s equation because of the changed power of Vd in 
the second term, but it is of interest to compare the representative values of y 
and 3. The authors’ values given in table 4 together with those of King are 
calculated assuming the following variation of conductivity and viscosity with 
temperature: 


k  (T\° yw [T 


Ko ‘ (7 


0°76 
0 ig ‘ (7) “ 


‘The larger values found here have some significance in practical hot wire anemo- 


metry, as discussed by Collis | 1956). 


, 
King 0-O00114 0-00008 
Collis & Williams 0-00164 0-00025 
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nN 
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he lower end of the Reynolds number range (R of order 1), comparison must 


be made with the work of Cole & Roshko (1954). Reference has already been 


made to the fact that good agreement has been found with the Oseen solution 
equation (10)) obtained by these authors. Cole & Roshko did not find such 
igreement, but their experimental accuracy may have suffered greatly through 
ise of nominal values ot wire diameter and of temperature coefficient of resist- 


unce. Again, although very fine wires involving Knudsen numbers of up to + were 


ised, no account was taken of ‘rarefaction’ effects. According to equation (12) 
these might exceed 30°, of the measured heat transfer coefficient. In view of 
this, a direct comparison with the authors’ results is not possible. 

Some interesting indirect evidence consistent with the 0-45 power of R or J 
n equations (15) and (20), respectively, is found in measurements by Newman 

5] f the sensitivity of hot wire anemometers to vaw. It was originally 
vccepted that a hot wire responded to the normal oOmponent of velocity V sin wy 
where s the angle of vaw, so that according to equation (6) the heat-transfer 
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coefficient varied linearly with ,/(Vsiny). Newman reached the conclusion, 
however, that the wire responded to V4(sin y)**57. In the light of equation (20) 
and a close examination of Newman’s data, it seems probable that the wire 
actually responds to the 0-45 power of the normal component of velocity, i.e. 
(V sin yr). 
Conclusions 

1. Based on experiments in the Reynolds number range 0-01 to 140, a new 
relation for two-dimensional forced convection from cylinders normal to an 
airstream has been established> The law has the form 

ip \ 0-17 


N{ =) = A+BR’, (15) 


where the values of n, A, B depend on whether the Reynolds number is above or 
below the value for which a vortex street exists in the wake of the cylinder (see 
table 3). Fluid properties /, p and used in computing NV and £ are evaluated at 
mean film temperature 7), and 7), is in the normal range of room temperatures. 

2. The extensively used relation of King was based on measurements made 
at Reynolds numbers below this critical value. In that region the new relation 
differs from King’s in that the Reynolds number enters to the 0-45 power rather 
than the 0-5 power, and the effect of temperature loading is found to be signi- 
ficantly larger. These differences, particularly the former, appear to arise mainly 
in the analysis of the results rather than in the measurements themselves. 

3. Hilpert’s measurements at low Reynolds numbers (& < 44) are satisfied 
by equation (15), except for the value of the constant A. Hilpert’s temperature 
function differs in form from that in equation (15), but no data available are 
sufficiently accurate to discriminate between them. For Rf > 44, there is a dis- 
crepancy between Hilpert’s results and those of the authors which cannot be 
resolved without further investigation. 

4. The theoretical heat transfer relation based on the Oseen approximation 
(equation (10)) is approached asymptotically as R — 0, provided free-convection 
or aspect-ratio effects do not intervene. A relation of similar form (equation (16)) 
satisfactorily describes two-dimensional forced convection for R < 0-5. 

5. Free convection effects die out quickly with increasing Reynolds number 
(at least for horizontal airstreams), so that except at very low velocities, the 
orientation of the wire with respect to the vertical has negligible influence on 
the heat transfer coefficient. 

6. A rough criterion for the onset of buoyancy effects has been derived for 
horizontal wires (equation (18)). This gives quantitative expression to earlier 
observations that the minimum speed V,,,,, which can be measured with a hot 
wire anemometer increases with temperature loading, and also shows that V,,,,, 
varies only as the +-power of the wire diameter. 

7. Molecular effects reduce the heat transfer from fine wires below the con 
tinuum value (equation (15)) by an amount which can be estimated by assuming 
that the temperature differential is reduced by the ‘temperature jump’ calculated 


from kinetic theory. 
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8. The intensity and scale of the turbulence in the airstream does not affec 
the Reynolds number at which the vortex street develops in the wake of fine 
wires. Thus the change in constants of equation (15) likewise occurs at the same 
Reynolds number (& = 44) regardless of the stream turbulence. 


The authors are indebted to the Chief Scientist, Australian Defence Scientific 
Service, Department of Supply, Melbourne, for permission to publish this paper, 


Appendix A 
Effect of temperature jump on the heat-transfer coefficient 

It has been established (Kennard 1938) that when thermal conduction takes 
place between a rarefied gas and a bounding wall, there is a discontinuity in 
temperature at the wall. If the wall temperature is 7), and 7. is what the tem- 
perature of the gas would be if the temperature gradient along the outward- 
drawn normal, 07'/cr, continued right up to the wall, then the discontinuity, 
or temperature jump, is given by 

a ial (Al) 


or 


The constant € has dimensions of length and is known as the temperature jump 
distance. 

Two assumptions are made in calculating the continuum value of the heat- 
transfer coefficient from the values measured in the presence of temperature 
jump: (a) the measured rate of heat transfer is the same as would take place from 
a cylinder of the same diameter, at a temperature 7., immersed in a perfectly 
continuous gas; (6) the correction can be made directly to the measured value 
of the heat-transfer coefficient, which is of course an average of the local value 
taken over the circumference of the cylinder. Kennard derives an expression 
for € in terms of the properties of the gas and the surface: 


2-a 4c k 


a yt+luyue, 


rey 


L, (A 2) 


where « is the accommodation coefficient of the surface for the particular gas, 
k is the thermal conductivity of the gas, y = c,/c, is the ratio of specific heats of 
the gas at constant pressure and constant volume, jw is the viscosity of the gas, 
and Z is the mean free path of gas molecules. Here L is defined by the relation 
fe = cpvL,in which? = , (8RT'/7), where F is the gas constant per unit mass, p is 
the density of the gas, andc isa constant such that 0-491 < c < 0-499. Rearranging 
and putting 4c = 2, we get 

Oe Mra A (A 3) 

y+lo «a 


ors 
u 


where o = ywc,,/k is the Prandtl number. 
For air, y = 1-4 and o = 0-72, and for platinum in air « = 0-9, so that. with 
little error, ‘ 
A@ = T,, -—T, = —2L—. (A 4) 
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Ifa wire is maintained at a temperature loading 0,, = Ty,—T,,, and q the heat 
loss per unit area is measured, then the heat-transfer coefficient hy is calculated 
from the relation 2 
q = hy Oy. (A5) 
and on the basis of assumptions (a) and (b) above it follows that the continuum 


heat-transfer coefficient h, is given by 


q = h.0.,. (A 6) 
Combining (A5) and (A 6). we obtain 
AO 
fh, = hy (14 ). AT 
%, = My 0. (A 7) 
where AO = T,,—T, = Oy —9,. 
From the conduction equation, we have 
ar 
q -(i . (A8) 
OT | T 


and evaluating the quantities in equation (A 4) at temperature 7, we also have 
AO 2( L —) . (A9) 


By eliminating q and ¢7'/cr from equations (A 6) to (A 9), it can be shown that 


2L 
h. hy| 1 } i (A 10a) 
kK} p, 
which may be written alternatively as 
l l L 
ae —9 ; (A 105) 
h. hy (". 2 ; 


In figure 13, 2L/k has been plotted against 7'— 7), using values of k and L taken 
fom Kannuluik & Carman (1951) and Kennard (1938). The correct value of 
L/h, must be obtained by successive approximation, starting with 7, = 7). 
Actually the maximum correction to the present results amounted to 11 ° 
giving a jump of about 30° at a wire temperature of 300°C. In this case the error 


in h, arising from evaluating 2L/k at T;,- instead of 7, is less than $ %. 


In order to determine the continuum Nusselt number JN, from h,, the thermal! 


conductivity at the mean film temperature 7, = 7..+436, must be substituted 
in the expression 
hed 
N= I (A 11) 
k 


7] 


In the example quoted above. the adjustment to /,, arising from the diminished 
temperature loading amounts to — 2%, so that the continuum Nusselt number 
(calculated from (A 11)) is 13°, greater than the measured value. 


At low temperature loadings although the jump correction A@/@, may be large, 


J 


the absolute temperatures 7;,-. 7,and 7, are very nearly equal. If 2L/kisevaluated 
at T.. then 


hd 
A 


(A 12) 
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The measured Nusselt number 


hyd 
Ny = —_, Al3 
M I: ( ) 
and substituting in (A 105) we have the simple non-dimensional formula 
l ] 
-=.—-—2K, (A 14) 
No ~ Nv 


where A = L/d = Knudsen number. 
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FicuRE 13. Variation of 2L/k with temperature for air at atmospheric pressure. 


Appendix B 


Criterion for the onset of buoyancy effects 
This is derived for horizontal wires on the assumption that there is no devia- 
tion from the forced convection relation for low Reynolds numbers, equation (16), 
until the Reynolds number is reduced to the point where the forced convection 
Nusselt number equals that due to free convection alone. The experimental 
results of this paper show that this is substantially true. 

In the very low Reynolds number range where buoyancy effects are likely to 


be significant, the forced convection relation (see § 4.3) is 
[ (Vere 
m 1 7 £. > 2 \ 
via } = l-lO—1 LO logy, &. (B 1) 
In the range 10-!8 < G, < 10-2, free convection data of Collis & Williams (1954) 


have been re-examined in the light of Mahony’s (1956) theoretical work. It was 
found that a semi-logarithmic relation similar to equation (B 1) fits the experi- 
mental results very satisfactorily: 


1 


V-1 = 0-88— 0-43 log,, Gp. B 2) 
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In this relation the temperature loading has been eliminated by the method of 
correlation employed, previously discussed at some length by the authors (1954). 
Equating the Nusselt number in equations (B 1) and (B 2) yields a criterion of 


the type required, i.e. 


7 0-17 T 0-17 
log R 0-39(2" log G,, + 1-07 0-80( 77") (B3) 
This is not a convenient equation to deal with, but fortunately a simpler approxi 
1 
mate result can be obtained. In the range 10-? < R < 0-2 the temperature 
function of equation (B1) may be omitted if McAdams’s correlation (see § 2) 
is used (see note below). If-R,,, denotes Reynolds number evaluated in the 
manner of McAdams, then in lieu of equation (B 3) we obtain the condition 
log Ry, = 0:39 log G,, + 0-27, (B 4) 
or R = 1-85 G39, ( 35) 


If the viscosity-temperature relation be taken as p oc T°, the relation con- 


necting R,, and R,,, is T \-0-76 
7 > 
Rite Raat (B 6) 
Kquation (B 5) can therefore be written as 
‘yj 0-76 
> ~ 410-39 m 
fe 1-8 Gre te) (B7) 
. — 
’ i lys 1 \2 , 

whence Vain = const. x d*(7;,-— T,,)8 (-*) ; (B8) 


where Vin iS the lowest velocity that can be measured without ambiguity by a 
hot-wire anemometer and the constant depends on the flow conditions (p, /, T.,). 


Note on McAdams correlation 
A simple power law can be fitted locally to any part of the log N vs log R curve 
by determining the local slope p. Thus 


_([ \-017 
N G = const. x R?. (B9) 
L’, 
A relation connecting R and R,,, may be written as 
[ \ 1-0 
R=R ve) (B10) 
and equation (B9) may be written 
4h 0-17—p 
N = const. x Rire( 7") 7 ( 5 | 1) 
x 


[It can be seen that, provided p lies near 0-17, the temperature function is nearly 
annulled. 

The slope p may be determined by graphical methods or by differentiation of 
the empirical law which describes the particular range of interest. Upon differ- 
entiating (B 1) and obtaining p, it is found that in the range 10-? < R < 107 
McAdams system will correlate data to within 1°% at temperatures up to 
300 °C, 
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Heat transfer in slip flow at low Reynolds number 


By H. C. LEVEY 


Department of Mathematics, University of Western Australia 
(Received 10 January 1959) 


The transfer of heat by forced.convection from a hot wire in a low Mach number 
rarefied gas stream is investigated for small Reynolds numbers. A simple expres- 
sion is found for the Nusselt number, and it is suggested that this has reasonable 
validity over a wide range of Knudsen numbers, even into the free-molecule flow 
régime. 





1, Introduction 

The hot-wire anemometer is in extensive use as a means of measuring velocity 
fluctuations, and for quick response the wires used are of very small diameter. 
Thus, in rarefied gases it is quite easy to achieve the condition where the mean 
free path in the gas is comparable with the wire diameter. For example, wires 
of 0:0001 in. diameter are often used; and while this is 40 times the mean free path 
in air at room conditions, it is about equal to the mean free path in airata pressure 
of 2cm of mercury and at room temperature. 

While molecular effects are significant in such conditions, the Reynolds number 
R based on the wire diameter can be quite small, and this is the case we consider 
here. We are then able to use the Oseen approximation (§3), since convection 
terms are only important at large distances (Cole & Roshko 1954), and this 
effectively enables us to treat the energy equation without a knowledge of the 
velocity field. The model we take for the wire is an infinite cylinder of circular 
cross-section, so that the flow is two-dimensional; it appears likely from available 
measurements that this is a good approximation in forced convection for wires of 
aspect ratio greater than a few thousand (Collis & Williams 1957). 

The significance of molecular effects is determined by the magnitude of the 
Knudsen number K, the ratio of the mean free path in the gas L, to the wire 
diameter d. When K is negligible the gas behaves as a continuum; and when 
it is large, intermolecular collisions are unimportant and the oncoming gas 
molecules are unaffected by the presence of the wire (free-molecule flow). 
Slip flow occurs when K is small but not negligible, and here the mean 
tangential gas velocity is not zero at the wire and the gas temperature at the 
wire differs from the wire temperature. Finally, there is a so-called transition 
régime between the slip-flow and free-molecule régimes about which little is 
known. 

We work throughout with the Navier-Stokes equations. This has often been 
suggested, for example, by Laitone (1956), but a consideration of the Burnett 
terms led Lin & Street (1954) to regard them as valid if the product of K and the 
25 Fluid Mech. 6 
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Mach number J is small. Now AK may also be expressed in terms of M/ and R 
eee See : eg 

mm fact K = ny}2-4M/R (1.1) 


very closely, so that on these grounds the Navier-Stokes equations would be 
valid if .WZ?/R is small. We consider only the case when the density and tempera. 
ture perturbations referred to their main-stream values, s and ¢ respectively, are 
small; in §2.1 we show that this again demands that J/?/R should be small, and 
accordingly we restrict ourselves to this condition. The present writer nevertheless 
believes, on closer examination of the Burnett terms, that ¢?/R should also be 
small, which is slightly more restrictive still. Note, however, that under these 
conditions A may still be large. 

In §2.2 the boundary condition at the cylinder-gas interface is considered at 
some length, and arguments are given to support the use of a simple temperature- 
jump boundary condition when K ranges from zero to large values. Briefly, the 
reasons justifying this are its accordance with the boundary conditions associated 
with the Burnett equations and its a posteriort plausibility—in that order-of- 
magnitude agreement is achieved with the low Mach number free-molecule 
result when K is large. 

The solution for the Nusselt number N,, 
parameter, is carried through in §3 without restriction on the magnitude of K, 
The Oseen approximation to the energy equation together with the temperature- 
jump boundary condition leads to an infinite set of algebraic equations for an 
infinite number of unknown coefficients. Their asymptotic solution for small Ris 
obtained and leads to a simple expression for V,, which of course reduces to the 
continuum result when X is zero, and for large K predicts that N,, is proportional 
to o/K, where o is the Prandtl number. This agrees with the free-molecule low 
Mach number result, but in numerical magnitude is out by a factor of about 1:8, 
and it is suggested that our result could be used as an interpolation formula 
between the free-molecule and continuum régimes by adjustment of the value of 
the ‘jump’ parameter. It may be added that our result shows that the continuum 
result would be seriously in error when K = O(log [8/aR)). 


the non-dimensional heat transfer 


2.1. The governing equations 

Let p, p, T be the pressure, density and temperature in an ideal gas which flows 
steadily past a body, and denote by p,,,p.., 7, their values at a large distance 

where the flow is uniform in the x, direction with speed U. We define 

iaal N ni ¥S 

$= (p—pz)lba, t=(T-T.)|To, P=(p—Px)PoU2), (2.1) 
and suppose that s and ¢ are small compared with unity. If w; are the non- 
dimensional velocity components referred to U, and the 2; are non-dimensional 
Cartesian co-ordinates referred to a typical body dimension, then the Navier- 
Stokes equations become, when terms of order s,¢ are neglected compared with 
terms of order unity, Ou, /dx, = 0, (2.2) 
Ane ay eve pe -1772 96 
u;0u,/ox, = —OP/dx,+ R-“V2u,, (2.3) 
417) r0 27 pee Pe a, AD IA. = BIA jAre it Dns [Ane N28 7008) 
u, 0t/dx;— R10 V*t = (y—1) M?u,0P/ox, + Ry — 1) M*(eu;/0x,; + 0u,/0x,)?, (2.4) 
(2.5) 


and s+t = yM?P, 
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where R is the Reynolds number referred to the typical body dimension, @ is the 
Prandtl number, y is the ratio of specific heats, and M is the Mach number at 
infinity. It is consistent here to suppose that the thermal conductivity and the 
viscosity are constant. Note that (2.2) and (2.3) are the usual ‘incompressible’ 
equations which are independent of the temperature distribution, so that (2.4) is 
linear. The inhomogeneous terms are retained because ¢ is not necessarily large 
compared with M?. 

We suppose now that # is small, so that we expect P to be of order R~! roughly 
(for two-dimensional continuum flow past a circular cylinder it is of order 
R“/log (R-) (Lamb 1945)); and hence if s and ¢ are to be small then, from (2.5), 
M?R- must be small. However, MR-! may still be large. 


2.2. The boundary conditions 

We intend to use the well-known argument (Cole & Roshko 1954) that, because 
convection terms are small near the body and become dominant at large distances 
where the velocity is uniform (that is, the term Row, 06/Cx; is only important when 
u; ~ (1, 0)), then no knowledge of the velocity field is needed to find a first approxi- 
mation to solutions of the energy equation; and thus we shall only consider 
boundary conditions for ¢. (If this argument is applied when the perturbations 
tand s are not small, however, equation (2.4) is still non-linear due to the dissipa- 
tion terms.) 

From now on we shall be concerned with two-dimensional flow past a circular 
cylinder, and will take the cylinder radius as the typical length. However, by 
convention the Reynolds number will now be referred to the cylinder diameter, 
so that in the previous equations R is replaced by $2. Further, we will work in 
terms of plane polar co-ordinates (7,7) with 


=rcos?, x,=rsiné. (2.6) 


vy 

As boundary conditions on ¢, we have 
t+>0O when r->o, (2.7) 
and at the cylinder surface, 7 = 1, we will impose the temperature-jump condition 
T,—T,, = 9 0T,/er, (2.8) 
where 7’, is the gas temperature at the wall, 7, is the wall temperature and g is a 


‘jump distance’. An explicit value for g often quoted, for example by Lin & 
Street (1954) and by Collis & Williams (1958), is 


in acer ee, (2.9) 


where L is the mean free path (evaluated at 7, to our order of approximation), 
a is the accommodation coefficient, usually in the neighbourhood of 0-9 for 
platinum-airinterfaces, and cis a constant which depends on the molecular model 
chosen, but is anyway very close to 0-5. The derivation is referred back to Kennard 
(1938), although he took some pains to point out that 7, and @7,/ér do not refer to 
actual gas temperatures and their derivatives at the wall in his derivation. Never- 
theless (2.8) and the equivalent of (2.9) appear as the significant part of the 
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boundary condition for the Burnett equations (Lin & Street 1954), provided that 
MK and tK are small even though K is not. If account is taken of (2.5) and the 
remarks at the end of §2.1, these conditions together with those quoted in the 
introduction for the validity of the Navier-Stokes equations would allow M to be 
as great as Ri, for example, and hence K to be of order R-+. 

We intend then to adopt the boundary condition (2.8) for both small and large 
values of K, with g given by (2.9), although perhaps the variation of g with o— 
may be taken with less reserve than the remaining factor. Further grounds for the 
plausibility of this boundary condition are that it produces some aspects of free- 
molecule theory when K becomes large, in that the gas temperature tends to 
become independent of the wall temperature, and certainly the predicted Nusselt 
number in this case is of the right order of magnitude when compared with that 
given by free-molecule theory. 

In terms of the non-dimensional temperature, the boundary condition becomes 

t,_1—t,, = h(ot/or),_, (2.10) 
2-—a Sy K 
coerce: be (2.11) 
a y+lo 
3. The heat transfer 
The energy equation now has the form 

V*t—toRu, ct/ox;, = —7oM*y(2,, x), (3.1) 
where y is a known function of x, and x,, and the boundary conditions are (2.7) 
and (2.10). Let be the temperature field satisfying (3.1) for which the total heat 
transfer from the cylinder is zero and the cylinder has the constant temperature 
T., the equilibrium temperature, and let ¢° be the corresponding temperature 

field when the cylinder is at constant temperature 7,.. Then 


u 


f(3) = (2) — ¢@) (3.2) 
satisfies Vt — 2Au, ct /ex, = 0, (3.3) 
where A= ioR, (3.4) 


and also satisfies the boundary conditions (2.7) and 
(1,0) —(t,,—t,) = h(et/er),_1. (3.5) 


If @ is the total thermal flux from the cylinder, then this together with the 
contribution from the source field ¢M*y must appear at infinity. Thus, if C isa 
very large circle surrounding the cylinder, @ together with the contribution from 
the source field must equal the rate of thermal transfer across C by conduction 


and convection, that is 


ae > | aa — 20? u,, ds — [[oaex dS. 
W hile () $ . | 3 2NIu, de _ [[omyas, 


where é is the thermal conductivity and w, is the outward normal velocity com- 
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¢ Ot) ; 
Thus on =— $ ( -— 2A n, ds. 





Of course, it is obvious from these expressions that equation (3.1) commits us to 


take the thermal flux from the cylinder as — k(07'/ér),_}. 
Let us finally change the dependent variable to 
— }(3)/ = 
d = /(t,,—#,), 
and then with the Oseen approximation we have 
Sh DA Deloee. an 
V*¢6 — 2A 0/2, = 9, 


(1,0)—1 = h(ed/er),_1, 


and @>0 as r>o, 
: : Q lf (e¢ 
hile N.= = | ~~. — 2Ad cos a) ds, 
whi u nk(T., am T.) - > or t S 


where N,, is the Nusselt number. 
We follow Cole & Roshko (1954) and let 
o = wexp (Arcos@), 
so that in terms of yy V 
with boundary conditions 
yrexp(Arcos@)>0 when (7-0) 


and (1—hAcos@) w,_, — exp (—Acos@) = h(ey/Cr),_y. 


(3.13) 
(3.14) 


Since yv must be symmetrical about the x, axis, the appropriate solution which 


meets the boundary condition of infinity is of the form 


CO 

y = OA, K,,(Ar) cos nO, 
0 

and from (3.10) 


(3.15) 


; _. <r . ‘ - 
N, = lim — exp (Arcos) ¥ A,{K,,(Ar) cos n@ cos 0 — K},(Ar) cos nO} dé. 
VU 


rc 7 20 n 
If we use the relation 
2a, (2) = cos nf exp (z cos @) dé 
/0 
and the known asymptotic forms for J,,(z) and K,,(z), this reduces to 


N, = 234 


u — n° 


(3.16) 


(3.17) 


It remains now to satisfy the boundary condition (3.14) at the cylinder wall, and 


since x 
exp (—Acos9) = J,(A)+2 ¥ (—1)"1,(A) cos v8, 
n 1 


we arrive at the set of equations 
[Ky(A) —RAKj(A)] Ay — dhAK,(A) Ay = ((A), 
—hrAK, (A) Ay +[Ky(A) —hAK{(A)] A, — FRAK,(A) Ag = — 24, 
— 4hAK,(A) A, +[KQ(A) —hAKG(A)] Ag— SHAK, (A) Ag = 24,(A), | 


ete. 
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We propose to discuss the asymptotic solution of this infinite set of equations for 
small A by considering the first V, say, where NV is large, and then allowing N to 
become infinite. 

he determinant A of the finite set is a continuant whose diagonal terms, super. 


diagonal terms and subdiagonal terms are now denoted by a,,, b,,, c,,, respectively. 
where 


a, = K,_,(A)—RAAK,_ (A) (n 2 1),) 
b, = hAK,(A), 


b, LhAK,, (A), (nm > 2),} (3.19) 
Cy hAK, (A), 
and 6. thAK,,_,(A), (n > 2).) 


Chen by Cramér’s rule we have 
A, A=D,.,, (3.20) 


where D,, is the determinant obtained by replacing the nth column of A by the 
column with elements d,, defined by 


(3.21) 
2 (—1)"22,_i(A) (n> 2).J 


t 


Now, since A is a continuant, it is easy to show that if a non-diagonal element. 
say },,, occurs in a term of its expansion, then c,, must also occur. If we then take 
account of the behaviour of [, (A) and ,,(A) for small A, it is possible to show that 
the dominant term in the expansion of A is given by the product of the diagonal 
elements, and in fact 


\ 
A =( TI a,,) (1+e) 3.29) 
m 
mn l 
Where O(A= log A) ul yt = Mh) | 
(A?) t h O(1), | 3.23) 
i 
hr | o(1). J 
\ discussion of the determinants J, proceeds similarly although with rather more 
omplication, and we can show that 
) | 1] 7 } (1 , 24 
" ; NAo 102 3.25 
Ol l 
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where I'(= 0-5772) is Euler’s constant. In terms of the Reynolds number this 
result may be written 

N77} = th—41' +} log (80 R-!) 


= 


= 1h+N7), (3.29) 


where Vis the continuum result of Cole & Roshko. 


When / is large, 


4cey 2-a K’ — 
The low Mach number free-molecule result for a diatomic gas is (Stalder, Goodwin 
& Creager 1951) ‘i 
: z dsy-l oa 

re (3.31) 
so that although (3.30) predicts the correct variation with o and K the accom- 
panying factor is too large by a factor of about 1-8. However, in view of the 
assumptions made, this is quite reasonable, and it is plausible that (3.29) would 
provide a reasonable interpolation formula between the free-molecule régime and 
continuum flow if A was redefined to make (3.30) and (3.31) agree. For there are 
only strong grounds for accepting the original definition of h, i.e. equation (2.11), 
ina range of K where the continuum result is not greatly affected. 

It is interesting to note that on other grounds Collis & Williams (1958) have 
attempted to fit an empirical expression of similar type to available experimental 
results for larger Reynolds numbers than those considered here, and have to take 
the rather unrealistic value of 0-695 for a in (2.11) (which reduces the above 


discrepancy to a factor of 1-18). 


The writer wishes to thank Dr D.C. Collis, Aeronautical Research Laboratories, 
Melbourne. for drawing his attention to this problem and for valuable discussions. 
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Interactions of detonation waves 


By E. LARISCH 


Institute of Applied Mechanics, Bucharest 
(Received 24 January 1959) 


The interactions of discontinuities, in which detonation waves participate, are 
analysed. For this purpose detonation polars are introduced and their properties 
are examined. A full list of possible interactions is then given, and the use of the 
polars for the quantitative solution of intersection problems is illustrated. 


1. Introduction 


In one-dimensional flow, interaction problems involving detonation waves have 
been extensively treated. The literature on oblique detonation waves, however, 
is still very poor. The behaviour of steady-state detonation has been discussed by 
Rutkowski & Nicholls (1956).+ The possibility of stabilizing a detonation wave 
on an edge has been analysed by the author (1958a). It has been suggested by 
Dunlap, Brehm & Nicholls (1958), and by the author (19585), that a steady- 
state detonation wave be used for the combustion in a ramjet-type engine. 

In the present paper, we examine the various configurations of intersections in 
which detonation waves participate, together with shock waves, expansion waves 
and shear discontinuities. The steady-state problem in which the waves ‘intersect’ 
one another is essentially equivalent to the non-steady one in which non-parallel 
waves ‘collide’. 

The data on detonation, necessary for the analysis, are first presented, and 
detonation polars are introduced. A complete list of possible intersections, based 
on the distinction introduced by Landau between incident and emerging waves, 
is then given; and finally a number of characteristic cases are discussed in detail. 


2. Some properties of detonation waves 

We start by recalling the features of detonation in gaseous combustible 
mixtures. An ordinary detonation wave is composed of two distinct zones; its 
front is a thin shock wave in which the flow is compressed and heated, and com- 
bustion then occurs in a much wider zone. This picture is altered when the thick- 
ness of the shock wave is for some reason increased, as happens for very weak or 
very strong shocks. The two zones may then become partially intermixed. (It is 
of importance that the total width of the wave is small so that its treatment as a 
surface of discontinuity is appropriate for all practical purposes.) 

[n a combustible mixture in which burning releases an amount of heat q per 
unit mass, detonation waves can propagate with all velocities greater than a 


+ The author is acquainted with this paper only from a reference in Dunlap et al. (1958). 
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characteristic minimum velocity v,;. The wave has this minimum velocity when 
the detonation process occurs at the Jouguet point on the detonation adiabatic. 
Jouguet detonation is of particular importance, since spontaneously appearing 
waves, or those in a flow on which sufficiently weak constraints are imposed, are 
always of this sort. 

In a frame of reference in which a Jouguet wave in an ideal gas is at rest, the 
following relations hold for the normal detonation wave: 


‘Ky — | (Ky +Ke) Py 
a) v,=v;=a u,= [(* (sat Na+ ili 
( 1 J Ley 5) { etl)q (k,—1)p, 


Ketl1f - 2 (Ko—Ky) Py 


_— L+1/(«, M7) (c) Po kK, M7+1 
1 Pe A+ Afky Py Ket] © 








More generally, the velocity vp of the detonation wave is greater than v,, owing 
to the process not taking place at the Jouguet point. The formulae are now more 
complicated and have the form: 





Vo F Ke ie 
| £— 7 — oe! m = eo 
@) UD K+ ( wr My) K+] 
#i 1 \? -1{,, M5[ 1 \2 } 
| ea e Pitas a Ries OF oe 
‘ JA Mt) | re Ps wz) ) 
V Pp, K,M}+1 
b) M2 = : Be! mg) ee ea ; 
sla k,(1—V+1/(«, Mj)) (c) P, KyM3+!1 


(2) 


In the above relations, v is the velocity, M the Mach number, p the pressure, 
p the density, and x the adiabatic coefficient. Indices 1 and 2 have been used to 
denote the gas before and after detonation. 
In a flow of a combustible gas, the velocity v, is a function of position. We now 
introduce the locally defined number 
J = ae, (3) 
Vy 
which plays a role in the geometry of detonation waves analogous to that of the 
Mach number for shocks in inert gases. In regions of flow where J > 1, stationary 
(oblique) detonation waves, propagating with a velocity v> vp > vy can be 
produced. They are inclined to the streamlines at an angle 6 given by 


. v lv 
sind = —2 = —--2. (4) 


SN 
AS 


To obtain relations for oblique detonation waves, a tangential velocity com- 
ponent is superimposed on the normal wave. In the oblique detonation wave, the 
flow is rotated through an angle f (figure 1) given by 








— (1—V)tané 5) 
an? = 1_Vtan®s" ‘ 
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For the solution of problems involving oblique detonation waves it is opportune 
to introduce the detonation polars. In the v.,-v,,, plane, we have 








V1 — Voy 
tan dé = +—*", 
: (6 
y — Usesin d— Uz, cos d | 
v, sind 
y ; 
~ 


FicurE 1. The oblique detonation wave. 








II 
FIGURE 2. The v%,-v2, polar. 


These equations define the polar parametrically, the parameter being the 
slope 6 of the wave. (V depends on d only.) The angle 6 has the usual geometric 
representation (see figure 2). The expression f(v2,, V,) = 0, which is an algebraic 
curve of the sixth degree, is long and we do not give it here. On this curve, 
the Jouguet detonation is represented by the point J. Only the part on the 











nm 


lortune 





























Interactions of detonation waves 395 


left-hand side from (J) of the curve (6) represents detonation waves, so that the 
detonation polar is an open curve. 

The radical in formula (6) which depends only on 6 vanishes for M, = M,;; 
hence the angle dis a minimum at the point J. It is easily seen from this that the 
tangent at J to the polar passes through the point /, which represents the 
unburned gas. We also remark that (dd/d/), = 0. This is typical of detonation; 
and when VW, — 1-> 0 so that the point J approaches J, (dd/df), + 0. The detona- 
tion polar is always completely enclosed by the shock polar. For values of J > 1, 
the detonation polar approaches the shock polar for a gas moving at a Mach 
number M,/J;. 

Ap 


| 


M 








) ) 
[ ) 
Fa max 


FicureE 3. The p-f polar. 


The point 7, at which maximum deviation of the flow ( = /max) is obtained, 
divides the polar into a region of ‘weak’ and one of ‘strong’ waves. Deviations of 
the flow through angles between £,, and max can be achieved by both weak and 
strong waves. A deviation through an angle less than /, is not possible by a weak 
wave, as there is no detonation wave with Mach number less than /,. We expect 
the flow pattern with detonation waves to tend, for vanishing heat release, to the 
usual one with shock waves. In order to achieve this correspondence, the weak 
wave should be chosen when possible. More details and numerical results for the 
flow with oblique detonation waves can be found in Larisch (19584). 

We shall also need the polar in the p—/ plane. It is given parametrically by 
equations (2c) and (5), and its appearance is as in figure 3. 

We have seen that at the Jouguet points, dd/df = 0. We must have there also 
dp/df = 0, so that the pressure is minimum. 

Shock waves can, of course, propagate in a combustible mixture; but their 
intensity must be moderate, so that two conditions have to be satisfied. First, 
the mixture has not to be at ignition conditions behind the shock. Secondly, as 
can be seen from (3), the number J falls in a shock (as v decreases, v, increases) 
and in a sufficiently strong shock becomes less than unity. A flow with J < 1 
should, however, be considered as unstable with respect to the spontaneous 
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appearance of detonation and in the stable flow configuration the shock is 
replaced by a detonation wave. Shock waves which satisfy these two restrictions 
will be called ‘permitted’. 


3. Classification of intersections 

We now examine the cases in which detonation waves, shock waves and shear 
discontinuities interact. 

As usual, only a small zone surrounding a point on the line of intersection will be 
considered; this line can then be assumed to be straight. The motion, in a con- 
veniently chosen frame of reference, is steady and lies in a plane normal to the 
intersection line. The flow pattern is obviously composed of sectors of parallel 
flow limited by centred expansion waves and various discontinuity surfaces. 

In the treatment proposed by Landau for shock intersections, which we follow 
in our exposition, the distinction between ‘incident’ and ‘emerging’ waves is of 
chief importance. Waves in which the tangential component of the velocity is 
directed toward the intersection line are called incident; in the opposite case 





Case Al Case Bl 

FIGURE 4 FIGURE 5 
FIGURE 4. Case A, no incident wave. Spontaneous detonation. 
FIGURE 5. Case B, one incident wave. Case B1, splitting of a detonation wave. Case B2, 
splitting of a shock wave. 


they are called emerging. Since the incident waves are produced by factors which 
do not depend on the intersection itself, the meeting of more than two such waves 
should happen only exceptionally. The same must be said of more than one 
incident wave intersecting a particular surface at a given point. 

The known rule, asserting that a streamline cannot cross more than one 
emergent wave, has, in our case, an exception. Jouguet waves travel through the 
burned gas with sound velocity (see (1)), so that if there is such a wave among 
the emerging ones, it is generally continued by an expansion wave. 

In zones where a combustible gas flows, we always assume that J > 1, and 
also that the burning, which occurs after the interaction, takes place in a detona- 
tion wave. Shock waves in the unburned zone are supposed to have what we 
have called a ‘permitted intensity’. 

We can now examine all possible cases of interactions. On the diagrams, fat 
arrows are used to denote detonation waves, thin arrows for shock waves, thin 
lines for shear discontinuities and dotted lines for the boundaries of expansion 
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FIGURE 6. Case C, two incident waves. Intersections of waves from different 


families, cases C1, C2, C3. 
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Fiaure 7. Case C, two ineident waves. Intersections of waves from the same family, 
cases C4’. C4’. O53’. Cd’. C6. 
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Case D3 
FicuRE 8. Case D, intersections with a discontinuity surface. Case D1, reflexion from a 
zone of subsonic flow. Cases D2’ and D2”, interaction of a detonation wave with a shear 


discontinuity. Case D3, interaction of a shock wave with a shear discontinuity. 
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fans. Expansion waves, which occur behind emergent Jouguet waves, are not 
specified. The intersections are classified by the number of incident waves which 
interact. At the end, the possible configurations for a wave intersecting a shear 
discontinuity surface are given. 

We now briefly discuss each interaction separately. Detonation can occur ina 
flow spontaneously; accordingly, there is a case of intersection with no incident 
wave and two emerging Jouguet waves (case A 1), while there are two intersec- 
tions possible with one incident wave. The diagram of case 61 represents a 
detonation wave splitting into a more intense one and a shock wave. The inverse 
case, with the emerging wave weaker than the incident one and with a reflected 
expansion wave instead of the shock, could be observed only if the incident wave 
were from the strong family and is therefore not of interest. On the diagram 
of case B2 a shock wave is splitting and there are two emerging detonatior. 
Waves. 

Two types of intersections with two incident waves are possible, according as 
the waves deflect the flow in opposite directions or in the same one. All con- 
figurations may be met, the pair of incident waves being composed of two detona- 
tion waves, a detonation wave and a shock wave, or two shock waves. As to the 
intensity of the incident waves, the cases C 4 and C'5 might occur in two variants, 
with an expansion wave or a shock wave being reflected. 

Three schemes might be expected to occur in the interaction with a disconti- 
nuity surface. In the case D 1 the flow is subsonic on one side of the surface. The 
configuration of case D2 is possible in the usual two variants. In the case D3, the 
detonation is initiated by a shock wave. In degenerate cases the flow is inert on 
one side of the surface; the corresponding detonation wave is then replaced by 
a shock wave. 

When the two incident waves are of the same intensity, the case C1 represents 
also the reflexion of a steady-state detonation wave from a rigid surface. It is 
known, however, from the case of shock waves, that this formal solution for all the 
cases D is to be used with care, in a steady-state motion, owing to the interaction 
with the boundary layer which can change the situation radically. 


4. On the quantitative analysis of interactions 

In order to determine the parameters of the emerging waves and those of the 
flow in the various zones, we make use of the fact that the pressure and the 
direction of the flow are the same on both sides of a shear discontinuity. The 
problem of finding out the intersections of the corresponding p, / polars involves 
here a much more intricate algebra than in the cases when shock waves only 
interact. There are three given parameters for the cases B, four for the cases C and 
five for the cases D. Obviously, solutions will exist only for a part of the domain 
in which these parameters are defined. 

We now give indications of the way in which the most typical situations can be 
analysed. 

It was mentioned that emerging Jouguet waves are continued by expansions. 
When emerging waves are looked for, the detonation polars are conveniently 
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It is of importance to determine when the regular reflexion of detonation waves 
(a particular case of C1) is possible. This situation has been investigated by 
Staniukovich (1955). When there is an incident Jouguet wave, and x = 3, the 
calculations show that regular reflexion is possible as long as 6 = 70°. 














FicurE 11. Polar diagram for cases D2. 


In figure 10, the polar diagram for the cases C 4 is given. The reflected wave is 
an expansion or a shock according as the point III lies inside or outside the 
detonation polar of zone I. The results are similar for the interaction case C5. 

Finally, we show in figure 11 the polar diagram for the cases D 2. Similar criteria 
as before apply as to the nature of the reflected wave. It is a shock when the deto- 
nation polar of zone II lies inside that of zone I, and an expansion in the other case. 
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Horizontal diffusion in the atmosphere as determined 
by geostrophic trajectories 
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Ifa series of air trajectories is drawn from a fixed point at a certain height above 
the earth’s surface, the end-points of the superimposed trajectories, after each 
has been followed for a time ¢, will have a standard vector deviation S. The 
purpose of this paper is to discuss the form of S. One expression is obtained by re- 
lating S empirically to the magnitude of the mean vector position [x] of the ends 


of the trajectories, so that YO] 





[x/L]|*, 


where Z is a certain length and C and a are dimensionless constants; a is found 
to be about 0-870 and C is nearly proportional to ,/7’, where 7’ is the total period 
over which the series of trajectories is initiated. 

A more satisfying expression for S connects it with the variability of the wind 
during the period of initiation of the trajectories, i.e. with the standard vector 
deviation of wind (o) which is itself dependent on 7’. The relationship involves 
the Lagrangian correlation coefficient r(t) of wind with time along the trajectories. 
It is found that the variation of S with time ¢ agrees well with that deduced from 
the exponential formula r(t) = e~*". Moreover, a, the reciprocal of the character- 
istic time of the ‘eddies’, is identified with o?/K where K is the coefficient of 


eddy viscosity for lateral mixing. 


Introduction 

If a trajectory of a particle of the free air is drawn from a point it will follow 
a meandering path; if at subsequent times a second, third and successive tra- 
jectories are initiated from the same point at equal time intervals, their paths 
will form a plume flowing out in the direction of the general wind stream, as 
shown in figures 1a and 1b. These plumes are not of exactly the same type as, for 
example, the plume of smoke from a chimney emitting a continuous source of 
pollution but are more closely paralleled by the pattern on the ground of the 
pollution deposited from such a chimney. The analogy is not exact in the case of 
geostrophic trajectories, because in a smoke plume the individual particles are 
free to move vertically as well as horizontally, whereas a geostrophic trajectory 
is the quasi-horizontal path of a point element. 

To discuss these plumes of trajectories we should follow the true paths of 
selected elements of air, but since it is not in general possible to do so on the 
scale of synoptic charts, there have been substituted instead ‘geostrophic 
Fluid Mech. 6 
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FicuRE la. Trajectories initiated twice a day and pursued for 4 days during 
1-15 Aug. 1947 at 700 mb. 
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FIGURE 16. Trajectories initiated twice a day and pursued for 4 days during 
1-15 Nov. 1947 at 700mb. 
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trajectories’. These are formed, according to common practice, by measuring 
the geostrophic wind near the point of origin on a synoptic or pressure contour 
chart, plotting the position which the air at that point will have reached after 
half the time interval to the next chart, measuring the geostrophic wind on the 
next chart, at the position at which the air will probably have arrived at the 
time of that (second) chart, drawing the probable track of the air up to the mid- 
time between the second and third charts and so on. Although individual geo- 
strophic trajectories will no doubt vary at times considerably from the trajectories 
traced out by the real winds, it is believed that the standard deviation of the 
end-points of the geostrophic trajectories is not very different from that of the 

















FIGURE 2. Daily trajectories, 1-20 Feb. 1948 at 700 mb. 


true wind trajectories. It is hoped such studies as are given in this paper may 
enable the fundamental characteristics of large-scale turbulence to be more clearly 
understood. For that reason we have included the summarized data concerning 
the trajectories in an appendix so that they may be available to other workers. 

The purpose of this paper is to discuss the distribution of the end-points of 
air trajectories initiated at regular intervals ¢ at a point above the earth’s surface 
and pursued for a given length of time ¢. It is clear that the distribution is related, 
not only to the time during which the trajectories are pursued, but also to the 
length of the period 7 over which they are regularly initiated. Thus there are 
three time scales, but if V is the number of trajectories followed (N —1)i = T and 
provided N is reasonably large for a given 7, the plume can be considered fairly 
representative of the wind régime and so the magnitude of 7 does not appear to 
be significant to the same extent as that of ¢ and 7’. It is clear that the value of 7 
is of importance in relation to the general pattern of the wind régime prevailing 
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during the period when the trajectories are being drawn. This is at once apparent 
in the comparison of figures 1a and 16 which are drawn at 700 mb over North 
America where data for a large area are most complete. In the former case the 
general circulation was strong and uniform, in the latter there was much greater 
meandering of the trajectories and greater variability of the individual winds, 
The effect is not necessarily seasonal, but it can readily be seen to be dependent 
on the frequency and type of eddies (depressions and anticyclones) which were 
passing during the period. For instance, if numerous centres of disturbances 


c———_—______- = oon 
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Figure 3. Trajectories starting every third day, July 1949 at 700 mb. 


were passing over the neighbourhood of the initiation point the plume would 
have greater spread than if the centres of depressions were following a track to 
the north. Another pair of plumes is shown in figures 2 and 3 also initiated at 
700mb. In these cases the date of the individual trajectories is indicated by 
a figure at the end. 


The expression of S as a power of the distance of the mean end-point 

By a purely empirical approach, the standard vector deviation of the end- 

points of the trajectories can be related to the magnitude of the mean vector 
position [Xx] of the end-points. The formula used here is the power law 

S = CL |[x/L]|«, (1)* 

where L is a leneth which is constant for any one type of trajectory and C anda 

are arbitrary constants. By introducing the length L, the constant C becomes 


The square brackets indicate an average over the set of N trajectories, or, equivalently. 
over the period of initiation 7’. 














no’ 
pr 


he 
log 
ou 
ov 
ca 
CO 
cu 
(1 
CO 





parent 
North 
ise the 
reater 
winds, 
ondent 
1 Were 
ances 


uld 
< to 
l at 
by 











Atmospheric diffusion as determined by geostrophic trajectories 405 


non-dimensional; however, it varies according to the value selected for L, being 
proportional to L2-1, 

For numerical work, J is taken to be 1 km, and this value will be assumed 
henceforth unless otherwise indicated. Regression equations were formed of 
[x]|, for various time intervals up to 24 or 36h, for the 27 cases set 





log S on log 
out in Appendix I. The correlation coefficients were very high, being 0-94 or 

over in all cases and 0-99 or over in 25 out of the 27 cases, but not too much weight 

can be attached to such values when the logarithms of numbers are being 

correlated. The value of a varied from 0-53 to 1-21 with an average of 0-870. It is 

curious that this value agrees closely with the value 0-875 deduced by Sutton 

(1953, p. 287) for the very different case of diffusion near the earth’s surface in 

conditions of neutral equilibrium. The values of C varied with the period of 
initiation—3 months, 1 month, 2 weeks or 24h as the case might be; more will 
be said of this below. 

On quite a different scale there are some rather similar data available from 
series of smoke puffs fired from an aircraft above a camera obscura, as described 
by Durst (1948). These puffs were plotted in the camera obscura with trajectories 
lasting 1 min or 14 min; the period of initiation was generally 3-1 h. From these 
trajectories a plume could be made up in just the same way as is shown in 
figure 1 and standard vector deviations of the end-points of these trajectories 
were found after various time intervals. Ten such families of trajectories were 
worked up; the mean value of a was 0-926, and that of C was 0-15. 

A further collection of wind observations obtained from smoke puffs at various 
heights has been discussed by R. F. Jones (unpublished). Trajectories were 
initiated over half-hourly periods and the value of C found was 0-06 if we assume 
arbitrarily that the index a is 0-87. 

In addition, Sutton (1932) made an estimate of the value of C from the dis- 
persion of balloons described by Richardson & Proctor (1925). They were released 
over about 3h and the value of C was 0-22 corresponding with an assumed value 
for @ of 0-875. 

Summary of values of C,a and T 
The values of C derived from all the observations mentioned above have been 
collected together in table 1 and classified according to the period of initiation 7’. 

The modal values of C are put in parentheses when they can be derived. The 
modal value of a for all the geostrophic trajectories combined is 0-878 and for 
the 10 smoke puffs is 0-95. 

The logarithm of the period of initiation 7 is plotted against the logarithm of 
the mean value of C in figure 4. The correlation coefficient between log 7’ and 


log C is 0-85, and the regression equation is 


log C = 0:487 log T — 2-535. (2) 
- ‘ ° om yy . 
whence to a close approximation C = 0-0037%, where 7’ is in seconds, or 


C = 0-18T?, where T is in hours. 

In these calculations, the length LZ as already explained has been taken as | km, 
but it is a simple matter to convert the constant C to the appropriate value for 
any other length; for example, if a is 0-87 and Lis 10km, the above values of C 
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must be multiplied by the factor 0-75; if L is 100km, the factor is 0-56, and if 
is 3000 km the factor is 0-37. It has been suggested that L might suitably be the 
radius of the earth, since geostrophic trajectories often extend over distances of 
this order within a few days. More probably perhaps L should be related to the 
characteristic size of the larger eddies concerned, say about 1000km for the 
geostrophic trajectories considered, but only a few kilometres for the smoke puffs, 
However, this matter has not been pursued further. 


Period of Duration Mean Value 
initiation of trajec- No. of value of C 
Type of observation (T) tories cases of a (ZL = lkm) 

Geostrophic trajectories 9!—-92 days 36h 2 0-865 7:67 
47 days 36h l 0-815 5:40 

28-31 days 36h 8 0-844 (8-36) 

15-20 days 36h 8 0-909 (2-23) 

24h 24h 8 0-848 (1-43) 

Richardson’s balloons 5h — _- _- 0-22 
Smoke puffs Sh lmin 10 0-926 (0-12) 
th — —- — 0-06 


TABLE |. Mean values of a and C arranged according to the 
duration of the period of initiation T 
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FicurE 4. Relationship between log C and log 7’. 


Theory 

We wish to express the dispersion of the end-points of a series of trajectories, 
each of which has been followed for a time ¢t from their common point of initiation, 
as a function of time and of the standard vector deviation of wind during the 
period of initiation of the trajectories. Let us suppose that a large number NV 
of trajectories be drawn at regular intervals of time 7'/(V — 1) from a particular 
point in the earth’s atmosphere. After an interval of th, a typical trajectory has 
extended to a point with position vector x relative to the point of origin. Let 
V be the vector wind at any point on the trajectory. Then by vector summation 

° 


x = | Vd. (3) 
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Further, if we average over the N trajectories, and subtract from (3), we get 
(*t 


x —[x] = “(W-[Vv) at = | vdl, (4) 
0 


d #0 

where V is the vector departure from mean. That is, the vector departure from 
the mean of the trajectory ends can be obtained from the integral with time of 
the vector departure from the mean of the wind. Moreover, if S is the standard 
vector deviation of the end-point of the trajectories at time ¢ after initiation, 


- wt pt 7 
s* = [ox—[xi] =| [ [vw dean). (5) 
/0/0 





If we assume v(t) to be a stationary random function of ¢, and write o for the 
standard vector deviation of wind in the period 7’, i.e. 
o? = [v(a)]? = [v(b) }*, 

equation (5) becomes 
*t ra 

S? = 20" | da | r(a—b) db, (6) 

/0 7 0 

whereO <a <t,0 <b < tandr(a—b) is the stretch vector correlation coefficient 
(Durst 1954) between v(a) and v(b). Since r(a—)) is an even function, it may be 
shown that (6) is equivalent to 


et re’ 
S2 = 20? | r(é) dé dé’, (7) 
/J020 
an expression which is of the same form as that given by Taylor (1921) for dif- 
fusion parallel to a fixed axis. In order to discuss S in terms of o we need therefore 
to know the behaviour of 7(t). 
It is convenient to note here that 
[{V(a) — V(b)'?] = [fv(a) — v(b)!?] = 207 — 20°r(a—b), (8) 


provided [V(a)] = [V(d)]}. 


The form of 7(/) 

Large-scale diffusion in the free air is controlled by the largest eddies, which in 
middle latitudes consist of travelling cyclones and anticyclones and the general 
long-wave pattern. The eddies in the free atmosphere that are concerned in 
any long period of diffusion may indeed be of various sizes, but their average size 
does not change with time in any systematic way. Taylor (1921) and others 
have considered the applicability of an exponential form for the Lagrangian 
correlation coefficient r(t); in particular, Brunt (1941) argues that it holds when 
the eddies are all of one size. The rough constancy of the size distribution of the 
largest atmospheric eddies then suggests that for large-scale diffusion the form 
of r(t) might well approximate to the exponential, 

r(t) = e-#, (9) 
in which 1/% may be looked on as the characteristic time of those eddies which 
have the major effect on the motion of a particle. These eddies contain the 
principal part of the energy and play an important part in determining the wind 
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fluctuation at a fixed point (7) and the eddy viscosity at a fixed point (XK). The 
latter is to be regarded in the present context as the coefficient of eddy viscosity 
of lateral mixing. Moreover, o?/K has the same dimensions as a, and evidence 
will be produced that they are approximately equal, so that 

r(t) = e-CUK, (10) 
It is worth noting that in the sequel we find that, for geostrophic trajectories in 
the upper air, 1/a is of the order of 24h which is the time scale that would be 
expected from the passage of the large-scale atmospheric disturbances. 

It is important to realize that for testing the form of 7(#) measurements must 
be made within ranges which are rather strictly confined. It has been pointed 
out by Taylor that when fis small and r(¢) is nearly unity, then S is initially nearly 

“t 
ot; also that if r(¢) is effectively zero for all t > t,, | r(£) dé tends to a finite limit 
0 
‘ y ° 1 ° 
as ¢ increases and consequently S varies as ¢? when ¢ is much greater than t,, 
no matter what the form of r(t) is for values of t less than ¢,. More precisely, we 


ave _— > ¥6 mere 5 
have for ¢ > t,, S2(t) x k(t —t,) + S2(t,), (11) 
roo 
where k = 207 | 7(£)dé is a constant. This gives a simple formula for diffusion 
/0 


for times exceeding ¢, and incidentally shows clearly that if we wish to examine 
the form of r(é), it will not help if we extend the time during which the samples 
are followed much beyond this critical time ¢,. In the case of geostrophic tra- 
jectories in the free air the critical time ¢, would appear to be about 36h but for 
the surface trajectories about 18 h. 

However, if we assume that 7(¢) is exponential in form we can calculate the 
dispersion of the end-points of the trajectories after they have been followed for 
a given time ¢ by use of (7), which on integration gives 


12 r> 
A 


or 5a (b—-1 +e) (12) 
and the values of S can then be compared with data such as those given in 
Appendix I. 

For times greater than t,, the exponential term in the preceding equation may 
be neglected; this leads to an approximation to the value of « in the form 


= (¢>4t,). (13) 


If we now put « = o?/K, the eddy viscosity for lateral mixing (K) is seen to be 
obtainable from the spread of the end-points of the trajectories; K does not 
depend explicitly on the standard deviation of the wind. 


Magnitude of errors involved in using geostrophic trajectories 

Before proceeding to the discussion of the results a word must be said as to 
the errors likely to arise in taking the geostrophic trajectories as representative 
of the true motion of the atmosphere. The principal causes of error are inaccuracy 
in measurement of geostrdphic winds and the inherent unrepresentativeness of 
the geostrophic wind as a picture of the true air flow. The magnitude of these 
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errors over the British Isles is given by Murray (1954) and a note on their effects 
on trajectories by Durst & Davis (1957). 

Let the true wind be V+v and the error in its measurement be e; then the 
calculated correlation coefficient between v(a) and v(b) becomes 


[{v(a) + €,}{v(b) +€,} 
o+[e] 


/ 

y” = 
instead of the true value [v(a) v(b)|/o?. Moreover, if we can assume there is little 
or no correlation between e€, and e, or between € and v except very near time 


t= 0, then » — Lv(a)v(2)] 
oF +[e2] ° 


If [e2] is small in comparison with o? we get 
r—r’ = [e]r/o°. 


If we go back to equation (7), and use the value of o* deduced from the actual 
measurements of velocities (i.e. if we really use 0? +[e?]), we see that a? + [e*] 
occurs in both numerator and denominator, and in consequence there is no 
consistent error in S due to errors in the measurements of velocities. 

It is true that a large value of €, will lead to the apparent trajectory running 
away from the true trajectory with in consequence a large value of €,. This effect 
is discussed by Durst and Davis (1957). After 36h the results of this effect might 
produce an error of 250-350 km for individual trajectories at 700 mb, and when 
one looks at the magnitude of the standard deviation of end-points given in 
Appendix I it is clear that an error of such an amount may on some occasions 
produce an effect which is an appreciable proportion of the true S. However, on 
the whole the error involved in using geostrophic trajectories in determining the 
values of S is probably not more than 10%, at any rate for trajectories extending 


to 36 or 48h. 


Values of the correlation coefficient (7) 

The values of 7(t) have been evaluated from three types of data: (a) from a 
series of constant level balloons which were flown at 300mb for periods of 2, 3 
or 4 days (Mastenbrook & Anderson 1953); (b) from a considerable series of 
geostrophic trajectories at levels of 500 and 700 mb; and (c) from surface charts. 
The values from the constant level balloons are set out in Table 2, those of the 


geostrophic trajectories in Table 3. 


(a) Derivation from constant level baltoons 
In table 2 the value of r(t) has been calculated from the mean square differ- 
ences between observed velocities at each time interval by means of equation (8). 
By proceeding in this way it was possible to obtain a considerable number of 
comparisons from a limited number of trajectories. The correlation coefficients 
nearly follow an exponential law and values of @ have been calculated on the 


assumption that r(t) is of the form e~™. 
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There is, however, a difficulty in that there are errors in the positioning of the 
balloons which are stated to range from 20 miles in the case of good fixes to 


40 miles in the case of moderately good fixes and up to 60 miles in the case of 


poor fixes. From internal evidence, however, it is clear that these figures are 
excessively high, and although any correction for position error will tend to 
increase all the correlation coefficients, the resulting increase in the value of K 
would be hardly significant. 


Time interval (h) (¢) ree are 2 4 6 8 10 12 14 
No. of pairs of observations 59 51 43 35 31 27 24 
Standard differences pe sa - ” - - - ” 39 

, EW. 17 19 22 25 28 30 32 

nm) lVector 26 29 35 39 43 49-50 
r(t) 0:72 0:66 0:50 0-38 0:24 0:02 —0-02 
ax 105 sec"! 4:5 2-9 3-2 3-4 3°9 — = 


o = 35kt, mean « = 3:6x 10sec? =0-13h-!,  K = a/o? = 9-3 x 102° cm? sec-!, 


TABLE 2. Values of 7(¢) derived from constant level balloons flown at 300 mb over 
America and the North Atlantic in latitudes north of 40°N 


(b) Derivation from geostrophic trajectories at 700 and 500 mb 

For a number of groups of geostrophic trajectories the winds have been 
tabulated after each time interval and the actual correlation coefficients between 
the velocity at one time and that at a subsequent time on the same trajectory 
have been calculated. In table 3 there are given the correlation coefficients 
between measured geostrophic winds at one time and at the appropriate point 
on the same trajectory at a subsequent time. The number of trajectories on 
which they are based is given. On each trajectory a number of pairs of points 
can be taken with the same time interval so that the correlation coefficients are 
based on several times as many pairs as the number of trajectories, the number 
of pairs being entered in parentheses in the table. Correlation coefficients are 
given separately for the south—north direction (S) and the west—east direction (W) 
and a vector correlation coefficient is also calculated and entered below the 
others. In October and November 1949, each month was split up into six periods 
of 5 days and departures from 5-day means were formed so that the average 
correlation coefficients were calculated for 5-day periods of initiation. Some 
specimens of the relationship between log,,)7(¢) and t are shown in figure 5. 

The logarithms of the mean stretch-vector correlation coefficients entered in 
table 3 have been plotted in figure 6; these lie on a straight line and so fit a 
relationship such that 


where « = 1:13 x 10-5sece— or 0-041 h-. 
If, then, « = o?/K and o = 17-6 knots 
K = 7:2 x 10!8em?2see—!. 


The exponential form of r(t) has also been applied by Solot & Darling (1958) 
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to the same problem of the spread of end-points of trajectories in the free atmo- 
sphere; the value taken for « corresponds with 0-038h-!, in good agreement 
with the value found above. 
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FIGURE 5. Relation between correlation coefficient, 7(¢), and 
the duration of each trajectory, t. 


(c) Derivation from geostrophic trajectories at the surface 

From 1943 to 1946 a very close network of meteorological stations was main- 
tained over the British Isles, and observations were plotted at 3h intervals. 
Surface geostrophic trajectories were drawn from two points over the British 
Isles on 8 days chosen at random. These trajectories were pursued for 24h and 
new ones initiated every 3h (nine times in all) so that the period of initiation of 
each family of trajectories was 24h. The winds were measured every 3h and 
correlation coefficients were calculated for 6, 12, 18 and 24h intervals from the 
eighteen comparisons for each family. The results are set out in table 4. 

The values of « at the foot of table 4 are derived from the exponential form 
(9) for r(t), and the value of K follows from K = o?/x. In Appendix I there are 
set out the standard vector deviations of the end-points after the trajectories 
had been followed for various times and also the vector mean distance that the 


end-points had reached during those times. 
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In table 5 values of « and K are set out which have been derived in three 
independent ways. First in columns 7 they have been derived by the direct 
calculation of correlation coefficients from the velocities at various intervals of 
time. These coefficients given in tables 3 and 4 have been fitted to an exponential 
function from which « has been derived and hence K. Secondly, in the columns 8, 
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FIGURE 6. Mean value of log7(t) as function of ¢. 


Standard 
No. of vector Time interval (h) 
trajec- deviation a eel - ——, 
Date tories (kt) 6 12 18 24 

21-22 Sept. 1943 18 11-3 0:27 0-04 0-02 — 0-06 
25-26 Sept. 1943 18 7:7 0:43 0-59 0-10 0-2) 
3-4 March 1944 18 8:7 0-18 — 0-08 0-01 0-13 
6-7 March 1944 18 6-9 0-16 0-02 0-18 0-01 
16-17 June 1944 18 12-9 0:56 0-14 0:07 — 0-33 
22-23 June 1944 18 6-9 0:36 — 0-29 — 0-59 — 0-55 
12-13 Dee. 1946 18 4-9 0-19 — 0-04 0-17 —0-°16 
16-17 Dec. 1946 18 8:7 0-09 0-07 0-35 0-33 
Mean 8-5 0-28 0-06 0-04 — 0-05 
a x 10®see7! 6°] 6:4 5-0 
Mean It 3-3 x 10°em? sec"! 


TABLE 4. Vector correlation coefficients from surface geostrophic 
trajectories over the British Isles 


the values of S/o have been calculated from the data in Appendix I for various 
values of t up to 36h for the trajectories in each group at 300, 500 and 700 mb. 
and up to 18h for the surface trajectories. These have been plotted on diagrams 
such as figure 7 and the value of « was chosen for which the plots of S/o gave the 
best fit, and again K was appropriately calculated. Figure 8 shows some specimens 
of the fits. Thirdly, in columns 9 the value of K has been calculated from the data 
in Appendix I by the use of equation (13) and the relation a = o?/K. In these 
alculations ¢t, was chosen to be 36 h in the upper air groups and 18 hin the surface 
trajectories, while ¢ was taken as the biggest value available, which was 72h 
in many cases. 

Thus there were two, and in some cases three, estimates of « and K; in the case 
of columns 7 and 9 they were derived by quite different methods and from 
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different portions of the trajectories, and in the case of columns 8 and 9 they were 
derived by somewhat the same method (i.e. by the assumption before integra- 
tion that r(t) followed an exponential law) but the measurements were made at 

different parts of the trajectories. 
The agreement between the values of K is closer than that between the values 
of x, the correlation coeffic&nt between the values of columns 7 and 9 being 0-92 
120; 


108} 


i (h) 


ee es as 





S/o 


120 


t (h) 





0 10 20 30 10 50 60 
S/o 
FIGURE 8. Illustration of method of deducing « from the relationship of S/o to ¢. 
@, 17 Apr.—15 June 1950; ©, Apr.—June 1948; x , Oct. Dec. 1949. 


in the case of K and 0-64 in the ease of «. In figure 9 is shown a dot diagram 
illustrating the relationship of the values of a and K given in column 9 with those 
given in column 7. 

The agreement is sufficiently good to give confidence that the variations in the 
values of « and K are not due to casual errors. The means of the 12 available pairs 
of values of K are 6-1 and 6-4 x 10!°cm?sec~! for columns 7 and 9 respectively; 
the corresponding mean values of « are 0-041 and 0-037 h™. 

In table 6 there are set out the best values of 7, x and K that can be deduced 
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from table 5. o is taken from column 6 of that table when possible, otherwise 
from column 5, and a and K are derived from the average of columns 7 and 9 
(or from 8 if neither 7 nor 9 was available). 

At the higher levels where the standard deviation of wind is in general greater 
there is clearly a tendency for both and K to be greater. In figure 10 there is 
shown the relationship between K and o; the observations at different pressure 
levels are indicated by various symbols. 
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FiGURE 9. Comparison of values of « and K derived by two independent methods 


(see table 5). 


On the diagram have also been put crosses at points representing the mean 
value of AK against o for tables 2 and 3. That for table 3 fits the regression line; 
that for table 2 (constant level balloons) is in agreement with the two 300 mb 
groups of geostrophic trajectories. 

The relationship between AK and o for the 19 cases with observations at 500 
and 700 mb is shown in figure 10, the regression of A on o being given by 


Kk = (1-120 — 2:8) 10!° cm? sec—!. 


kK, however, is not in general a function of o alone. If « were constant, A would 
be proportional to a7. On the other hand, K may be regarded as the product of 
eddy velocity (7) and characteristic eddy size (a7 /a), so that if the size is constant 
then A is proportional to 7. No doubt the truth usually lies somewhere between 
these two extremes. 

It seems from this examination that there is fairly strong evidence that the 
correlation coefficients between the winds at the end-points of the trajectories 
follow closely an exponential law, particularly in view of the linearity in the 
points on figure 6 and of the agreement between the values of « shown in columns 
7 and 9 of table 5. Moreover, it seems that K is probably the coefficient of eddy 
viscosity for lateral mixing. It is of the same order of magnitude as the values 
deduced by Haurwitz (1941), who quotes 4x 10’7g/emsee for the exchange 
coefficient derived from the transport of heat across parallels of latitude. To 
obtain the corresponding figure for the eddy viscosity we have to divide this 
quantity by the density, i.e. by 9 x 10-4g/em? at 700mb and 7 x 10-4g/em? at 





| 











poet ie: 


er Wise 
and 9 


Teater 
1e€re is 
essure 


a ees 


mn 9) 


ean 
ine: 
mb 


500 














Atmospheric diffusion as determined by geostrophic trajectories 417 


500mb, so obtaining 4 x 10!°em?/sec for 700 mb and 6 x 10!° em2/sec for 500 mb. 
Other values of the exchange coefficient have been derived by Lettau (1936) 
which vary with latitude from 4-4 x 107 g/cm sec in latitude 35° to a maximum 
of 8-2 x 10’ g/emsec in latitude 50°-55°; these correspond with K = 5 x 10 
and 9 x 10!°cm?/sec respectively. 


Date ... ou can 
| June 
1948 
Pressure (mb) 700 
| o (msec.~*) 8-6 
a (h-! x 102) 3-4 
| K (cm*sec™ x 10?°) 7:8 
| Period of initiation 

(days) 91 

Date ... 

Feb. 
1948 

Pressure (mb) 700 

ao (msec~) 14-9 

a (h-? x 102) 4-2 

K (cm?sec.—! x 10?°) 19-0 

Period of initiation 

(days) 20 

Date ... at sen ‘OGK 

1949 

Pressure (mb) 500 

ao (msec—}) 14-4 

a (h-* x 104) 6-7 

K (em? sec—! x 101°) 11-1 

Period of initiation 

(days) 30 


TABLE 6. Best values of 7, « and K de 
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5:5 
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Fictre 10. Relationship between standard deviation of wind (7) and K. 


at 300 mb: 


2 and 3; =, Haurwitz’s value of K. 
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The diffusion laws in relation to time scale 


From this work it would seem that there is a remarkable agreement between 
the values of K (interpreted as the coefficient of large-scale horizontal diffusion) 
which we have found and those derived by other workers by quite different 
methods. The inference is that the Lagrangian correlation coefficients follow an 
exponential law. However, the empirical relation between C and 7’ set out 
above would seem to support the hypothesis that the power law also applies to 
this type of diffusion. 

We believe that both are indeed applicable for short times and that the scheme 
below sets out in a practical and convenient form the modes of ‘diffusion’ of the 
end-points of successive trajectories of duration f. 


b=0 small moderate large t>o 
Near eer oer 
r(t) sahil power law or exponential law effectively zero 
| . — | | levels 20 a ' 
| s.D. of end-points | of | ¢ L a oe (at—1+e-2!)h Pot® or (2Kt)3 
a 


Here P is a constant. It may be noted that not only is C a function of 7’, but ¢ 
is also a function of 7’, as can be seen in Appendix II; therefore C must itself 
be a function of o. 


Application of results to large-scale diffusion 


Instantaneous emission. In this case a ‘cloud’ is produced instantaneously at 
the source. The centre of gravity of the cloud travels along a wind trajectory, 
meanwhile the cloud itself grows by small-scale diffusion. The examination of 
(geostrophic) trajectories through the source shows the area within which the 
centre of gravity of the cloud will have arrived after time ¢ from the moment of 
generation. The most probable position will be that point arrived at by the mean 
trajectory (the trajectory followed by the mean wind) through the source 
(e.g. the appropriate monthly mean wind). If the distribution of the trajectory 
end-points is assumed to be Gaussian and their standard deviation is known, the 
probability of the centre of gravity of the cloud arriving at any particular point 
at time ¢ can be set down. 

Continuous emission. In this case only a point source need be considered. The 
particles are emitted as a continuous plume which broadens by small-scale 
diffusion as it gets further and further (in time) from the source. First, however, 
we ignore the broadening of the plumes and consider the distribution which 
results from the variation of the trajectories with time. If the end-points obtained 
by following each of a succession of trajectories for a time ¢ have a Gaussian 
distribution, then the mean concentration y of diffusing substance along a 
horizontal axis normal to the mean trajectory is given approximately by 
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where Q is the rate of emission of diffusing substance at the source, S is the 
standard deviation of the distance of the end-points of the trajectories from their 
centre of mass, and y is distance from the mean trajectory. 

If the broadening of the instantaneous plume by small-scale diffusion is taken 
into account, it may be remarked that (14) remains valid as a first approximation 
since the ‘coefficient of diffusion’ appropriate to the trajectories is several 
magnitudes greater than the coefficient of small-scale diffusion. 

Moreover, S is dependent on the period of initiation in the way that has been 

discussed for the geostrophic trajectories; hence we can see how the mean plume 
gradually broadens with time as S increases. 
Vertical diffusion. Hitherto only the horizontal spread has been considered. 
If the coefficient of eddy diffusion in the vertical K, were known, it would be 
possible to estimate the vertical spread. Thus for sufficiently large ¢ the standard 
deviation of the vertical spread is ,/(2K,t). Information about the value of K, 
in the free atmosphere is scanty; a value of 10° or 104cm/sec is appropriate to 
the friction layer, but in the free atmosphere the value is probably greater, 
perhaps of the order 10° or 10°, or even more, according to circumstances. After 
48 h the standard deviation of the vertical spread would be 0-6, 2 or 6 km according 
as the value of K,, is 104, 10° or 10°cm/sec and after 8 days would be 1, 4 or 12km 
respectively. 

It is seen from these figures that if the coefficient of eddy diffusion is no greater 
in the free atmosphere than it is in the friction layer the diffusing material would 
have spread out in a flat disk after a week or so, but if the diffusion coefficient is 
as great as 10° it would have spread vertically throughout the troposphere after 
1 or 2 days. There is evidently need for further examination of the magnitude of 
the coefficient of eddy diffusion in the vertical. 

When the vertical spread is pronounced, the horizontal distribution of the 
material may be distorted from the supposed Gaussian form by the effects of 
wind shear in the vertical. 


We acknowledge with thanks the permission to publish this paper given by 
the Director-General of the Meteorological Office. We also wish to thank Sir 
Graham Sutton, F.R.S., and Dr F. Pasquill for the interest they have shown in 
our researches and for the valuable suggestions they have given us. 
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Appendix I 
Standard vecior deviation S of end-points of trajectories after various times 
(N =number of trajectories, 7'= period of initiation) 


A. Cases at 300 mb 


July 1947 February 1948 
N = 30, T =30days N = 28, T= 28 days 

Time [x] S [x] S 
(h) (km) (km) (km) (km) 
6 483 423 258 494 
12 805 780 610 800 
18 970 1060 940 990 
24 1160 1210 1190 1180 
30 1340 1420 1490 1410 
36 1420 1570 1680 1580 
42 1570 1760 1900 1750 
48 1730 1820 2100 1890 


B. Cases at 500 mb 


Oct. 1949 | Nov. 1949 Dec. 1949 Oct.—Dec. 1949 
N=31, T=3ldays | N=30, T7=30days | N=31, T=3l days | N=92, T’=92 days 
Time [x] S | [x] S [x] S [x] S 

(h) (km) (km) (km) (km) (km) (km) (km) (km) 
6 197 364 | 87 302 183 226 150 310 
12 442 688 | 218 509 372 424 330 566 
18 690 1042 | 380 658 541 583 523 800 
24 980 1337 | 510 890 770 744 755 1050 
30 1291 1600 | 682 1100 1066 882 1030 1270 
36 1630 1675 | 897 1378 1375 1028 1330 1430 
42 1924 1870 | 1033 1562 1710 1160 | 1620 1630 
48 2255 1973 1253 1760 | 2100 1285 1950 1770 
542485 = 2087 -«|~—«1500 1915 | 2358 1427 | 2925 1910 
60 2655 2155 | 1710 2042 2750 1598 2530 2060 
66 2820 2155 | 1987 2157 | 2840 1827 | 2700 2110 
72 — | 2250 2205 3530 2035 | 2800 2170 


C. Cases at 700 mb 


1-15 Aug. 1947 1-15 Nov. 1947 
N=30, T=15days N=30, T= 15days 

Time [x] S [x] S 
(h) (km) (km) (km) (km) 
6 124 83 21] 171 
12 237 209 417 362 
18 409 266 597 510 
24 513 344 765 687 
30 666 390 905 805 
36 887 430 1100 950 
42 1026 460 1288 1098 
48 1253 521 1500 1198 
54 - -— 1742 1293 


60 - va 1975 1391 
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D. Cases at 700 mb 


Apr. 1948 May 1948 


June 1948 
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Apr.—June 1948 
N=15, T=30days| N=16, T=3ldays| N=15, T=30days | N= 46, T’=91 days 


[x] s 
(km) (km) 
98 192 
193 363 
252 482 
297 650 
462 888 
621 1142 
801 1436 
1014 1686 
17 Apr.- 


15 June 1950 


[x] 
(km) 
89 
186 
302 
397 
510 
600 
716 
815 
912 
1046 
1195 
1388 


Aug. 1949 


Time [x] S [x] S [x] S 
(h) (km) (km) (km) (km) (km) (km) 
6 198 225 =| 81 166 25 23 
12 392 462 | 161 317 5] 245 
18 500 603 197 464 103 352 
24 575 727 260 617 129 458 
36 915 922 405 838 167 644 
48 1255 1162 489 985 240 933 
60 1685 1435 563 1208 312 1168 
72 2045 1630 710 1357 423 1343 
E. Cases at 700 mb 
17 Apr.— 
4 May 1950 5-20 May 1950 1-15 June 1950 
N = 32, T= 16days | N=32, T= 16 days | N=30, 
Time [x] S [x] S [x] S 
(h) (km) (km) (km) (km) (km) (km) 
6 99 181 96 138 81 135 
12 203 339 197 240 176 226 
18 SET 470 328 349 262 340 
24 408 604 44] 440 358 432 
30 523 754 565 523 447 534 
36 600 947 670 576 533 628 
42 717 1067 805 682 621 747 
48 837 1174 885 756 722 856 
54 972 1325 975 832 810 968 
60 1127 1415 1110 914 867 1049 
66 1244 1520 1225 995 1130 1220 
12 1389 1613 1387 965 1410 1358 
F. Cases at 700mb 
1-20 Feb. 1948 July 1949 
N=40, T =20 days N=20, T= 20days 
Time [x] S [x] S [x] 
(h) (km) (km) (km) (km) (km) 
6 375 261 134 160 171 
12 675 490 223 317 287 
18 918 629 329 469 453 
24 1113 807 405 615 594 
30 1327 987 480 759 749 
36 1549 1160 547 887 837 


N= 20, T’'=20days 


S 
(km) 
230 
450 
631 
827 
973 
1137 


T= lidays| N=94, T=47days 


S 
(km) 
155 
274 
393 
501 
618 
743 
853 
950 
1064 
1157 
1270 


1348 
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G. Surface cases (N= 18, T’= 24h) 


21-22 Sept. 1943 25-26 Sept. 1943 3-4 Mar. 1944 6-7 Mar. 1944 
Time [x] S [x] S [x] S [x] S 
(h) (km) (km) (km) (km) (km) (km) (km) (km) 
3 87 54 49 44 105 31 ed 21 
6 183 103 90 79 202 63 145 43 
9 275 144 174 103 295 94 201 59 
12 375 186 261 144 407 113 254 7] 
15 472 223 351 158 502 148 311 88 
18 554 257 453 180 613 167 345 113 
21 618 293 528 191 709 210 419 134 
24 671 331 611 197 792 247 496 150 
16-17 June 1944 22-23 June 1944 12-13 Dec. 1944 16-17 Dee. 1944 
Time [x] S | [x] Ss [x] Ss [x] Ss 
(h) (km) (km) | (km) (km) (km) (km) (km) (km) 
3 81 75 45 28 77 17 82 26 
6 168 138 88 59 15] 37 165 59 
9 253 194 130 79 225 48 236 8] 
12 321 242 167 9] 300 55 300 104 
15 38] 283 201 89 378 61 378 143 
18 447 321 [ 244 79 452 68 453 169 
21 504 365 290 8] 520 80 527 195 
24 553 365 343 95 587 93 585 225 








Appendix II 


The values of o over Southern England 


The standard deviation of wind o(7') taken over periods of duration 7’ bears 
a ratio to the standard deviation o’ over a long period depending on the value of 7. 

Some ratios have been set out in tables A and B. Table A was derived from the 
comparison of winds at 500 mb observed during 15 years at Larkhill (or Crawley) 
in the months of January and July. Table B was derived from data given by 
Durst (1954) which enabled the ratio of o(7') to o’ to be calculated. 


a lday 2days 4days S8days Imth. 3mth. 5mth. 15 mth. 
January o(T) V7-7 24-4 29-4 32:6 38-8 40-6 41-6 41-8 
o(T')/o (15 mth.) 0:40 0-58 0:70 0:78 0:93 0:97 0:99 1-00 
July o(T7’) 11-6 16-2 19-4 22-6 28-4 29:3 29-5 29-6 
o(T')/o (15 nth.) 0-39 0-55 0-65 0:76 0-96 0-99 1-00 1-00 


~ 


TABLE A. Value of o(7') in knots for various values of 4 


7 5 min. 15 min. 30 min. Lh 6h 12h 24h 
a(T)/o’ 0-037 0-062 0-088 0-111 0-22 0:30 0-41 


TABLE B. Values of o(7)/o’ for various values of 7' 


o’ is the long period value of the standard vector deviation of wind, which is 
a constant for the appropriate region, season and level. 
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Turbulent entrainment in stratified flows 


By T. H. ELLISON anp J.S. TURNER 


Department of the Mechanics of Fluids, University of Manchester 
(Received 19 February 1959) 


When a fluid which is lighter than its surroundings is emitted by a source under 
a sloping roof (or a heavier fluid from a source on a sloping floor), it may flow as 
a relatively thin turbulent layer. The motion of this layer is governed by the 
rate at which it entrains the ambient fluid. A theory is presented in which it is 
assumed that the entrainment is proportional to the velocity of the layer 
multiplied by an empirical function, Z(Ri), of the overall Richardson number 
for the layer defined by Ri = g(p,,—p) h/p, V?. This theory predicts that in 
most practical cases the layer will rapidly attain an equilibrium state in which 
Ri does not vary with distance downstream, and the gravitational force on the 
layer is just balanced by the drag due to entrainment together with friction on 
the floor or roof. 

Two series of laboratory experiments are described from which H(Ri) can be 
determined. In the first, the spread of a surface jet of fluid lighter than that over 
which it is flowing is measured; in the second, a study is made of the flow of a 
heavy liquid down the sloping floor of a channel. These experiments show that 
EF falls off rapidly as Ri increases and is probably negligible when Riis more than 
about 0-8. 

The theoretical and experimental results allow predictions to be made of flow 
velocities once the rate of supply of density difference is known. An estimate 
is also given of the uniform velocity which the ambient fluid must possess in 
order to cause the motion of the layer to be reversed. 


1. Introduction 

There are many situations in nature in which a thin layer of fluid lighter than 
its surroundings flows up under a sloping roof, or a layer of fluid heavier than 
its surroundings flows down a sloping floor. In some cases such flows are of 
considerable economic importance. For example, katabatic winds in the 
atmosphere, in which air cooled by contact with cold ground flows downhill, 
are of importance to agriculture because of their influence on frost damage; 
also they may carry smoke or fog and so affect visibility at airfields and ports. 
The accumulation of smog in valleys is a slightly different but related problem 
(Scorer 1954). In some regions, such as the coasts of Greenland and Antarctica, 
katabatic winds may attain great strength (Ball 1956). Some bottom currents 
in the ocean are similar; Dietrich (1956) has described the flow of cold water 
from the Arctic over a submarine ridge between Iceland and the Faroes. In 
estuaries, where lighter river water meets the sea, a variety of complicated 
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phenomena may occur (Stommel 1953); but in certain fjord-like estuaries, 
such as the Alberni Inlet (Tully 1949), the fresh water flows out on the sea 
surface in a manner which closely resembles the experiments to be described 
in §5. 

Heavy layers may also be formed on account of the extra weight of suspended 
solids. This is the case in turbidity currents in the oceans (Kuenen 1952) and 
probably to some extent in dust-storms in the atmosphere such as the Sudan 
haboob (Freeman 1952). In these cases, and also in connexion with some 
phenomena of sea-breezes, interest centres more on the rate of advance of the 
leading edge of the heavy fluid than on the steady state (Berson 1958) though 
the latter is still important. Density currents in reservoirs (Bell 1942) are of 
interest to engineers because of their effect on silting. The most important 
example of a flow in which the moving layer is lighter than its surroundings is 
to be found in coal mines. Methane can accumulate near the roof and the way 
in which it flows and the extent to which it mixes with air have an important 
bearing on safety. It was this aspect of the problem which led to the work 
reported here being undertaken. 

When planning an investigation of the flows listed above, it is useful to 
realize that the range of conditions which may be encountered in one context, 
such as the flow of methane in mines, may be greater than the difference between 
that situation and an apparently disconnected one, such as the flow in an 
estuary. It is therefore desirable to classify the flows according to fundamental 
hydrodynamical properties and not geophysical context. One obvious group 
of such properties is the relative depth, velocity and level of turbulence in the 
thin layers and the ambient fluid. In order to illustrate this, let us consider a 
source of methane in the roof of a sloping gallery in a mine. If the ambient air 
is at rest, the methane will form a thin layer and move up along the roof; the 
thickness and velocity of the layer will depend on the slope and the rate of 
emission of methane. If the velocity is small enough the layer may remain 
laminar for a considerable distance; otherwise it will become turbulent. If we 
now add the possibility that the ambient air may itself be moving and may 
either be effectively laminar (in most practical cases a very low level of turbu- 
lence would be implied rather than true laminar flow) or highly turbulent, it 
will be seen that a large number of cases must be considered. Each of these is 
likely to show its own phenomena and require its own theory. 

This paper is concerned only with the case when the thin layer is turbulent 
and the ambient fluid either at rest or moving with a very low level of turbu- 
lence. The situation has similarities both with the motion of a buoyant plume 
and with the ordinary flow of water in an open channel. A theory is presented, 
describing the overall properties of the layer, which is based on the same 
physical principles as the theory of plumes but takes account of the stabilizing 
effect of the density difference across the edge of the layer. In place of a single 
entrainment constant, an entrainment function, H(Ri), depending on the 
overall Richardson number of the layer, is used. This function has to be deter- 
mined empirically. The theory leads to a generalization of the equations for 
slowly varied flow in hydraulics. 
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Two sets of experiments are reported which enable the function H(Ri) to be 
deduced and the profiles of velocity and density in the layers to be studied. 
From these it is seen that stability will normally have a drastic effect on entrain- 
ment in many natural situations. While the experiments give general support 
for the theory, they reveal a number of minor complications. 

In the final part of this paper, the application of the work is discussed and the 
effect of movement of the ambient fluid is calculated. 


. Entrainment ii ' : 
2. E The concept of entrainment 


Plumes and jets are examples of free turbulent flows; the region of turbulence 
is of finite extent and adjoins non-turbulent fluid of almost uniform mean 
velocity. The turbulent region grows with distance downstream as the non- 
turbulent fluid becomes entrained in it. This entrainment implies a flow of 
ambient fluid into the turbulent layer, and so, in the case where the ambient 
fluid is initially at rest, a small mean velocity perpendicular to the main flow. 

Although the distribution of stress is not exactly the same in plumes as in 
jets, it is known that the velocity profiles are roughly Gaussian in both cases, 
and it is likely that the large-scale features of the turbulence are also much the 
same. It is also probable that the turbulence is not far from a state of local 
equilibrium uninfluenced by upstream history; and if so it must be determined 
by local scales of velocity and length. 

Provided the Reynolds number is high enough, we should not expect mole- 
cular viscosity to influence the flow greatly (Townsend 1956). There is just a 
chance that the Prandtl (or Schmidt) number, v/D, may influence the turbulent 
diffusion of the agent causing the density variation (temperature, salt concen- 
tration, etc.) even at very high Reynolds numbers. This was suggested by 
Batchelor & Townsend (1956); but since they were unable to predict the 
magnitude of the effect, their ideas have not been widely accepted. The point is 
an important one, since it bears on the relevance of experiments in a water 
channel to large-scale situations where the fluid is a gas, but in the absence of 
further information we can only ignore it for the present with a note of caution. 
If this is done, the velocity of inflow into the turbulent region must be propor- 
tional to the velocity scale of the layer; the constant of proportionality is called 
the entrainment constant, E. 

The idea of an entrainment constant was first used explicitly by Morton, 
Taylor & Turner (1956) who made it the basis for their theory of plumes. More 
recently Morton (1959) has extended the theory to forced plumes, which are 
emitted with high momentum and so behave initially as jets. In all these cases 
the boundaries of the turbulent region have been not far from vertical, so it has 
been unnecessary to consider the action of a stable density gradient in inhibiting 
mixing ; we refer to them as neutral cases. In the cases with which this paper is 
particularly concerned, such stability has a drastic influence on the value of the 
entrainment constant. 

The numerical value of EF clearly depends on the definition of the length scale 
that is used, and the use of scales associated with particular shapes of profile 
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has led to some confusion in the past. Our presentation is in terms of integrals 
over the profiles and avoids any assumption about their shape. For brevity, we 
consider only the two-dimensional case. 


Definition of the entrainment constant 

Take the z-axis along the plume or jet, and the y-axis perpendicular to it, 
measuring y from the plane of symmetry when both sides of the flow are free 
and from the boundary when the plume is along a floor or roof. Let v(z, y) 
denote the mean velocity relative to that in the ambient fluid, and let V(x), h(x) 
and A(x)/g be the velocity, length and density scales in the cross-section, and A 
the flux of density difference (which is independent of x). Then the quantities 
V,h, A and A are defined by the relations: 


VA = Jody. (1) 


fa 


V*h = |p2dy, (2) 


A =| 
(J 


(P*) gtv+ Karay 


Pa 
= (V+V,)hA, (3) 
where the suffix a refers to the ambient fluid. 
The entrainment constant, H, can now be defined in accordance with the 
qualitative definition given earlier by 


dh(V+V,) _ E 





Vi. (4) 
dx | 

Entirely analogous definitions can be given in the case of a circularly sym- 
metrical plume or jet. 


Evaluation of E(0) for plumes and jets 
Values of # for the neutral case can be determined from published measure- 
ments of plumes and jets. 

For the two-dimensional jet (Townsend 1956, p. 193), Vocat, h = 0-152, 
so # = 0-075. For the circular jet (Townsend 1956, p. 186) we find E = 0-070. 

Measurements of plumes are notoriously unreliable, since the velocities in- 
volved are small and only a very little movement in the ambient fluid is needed 
to cause a waving of the plume and so a spurious spreading. Rouse, Yih & 
Humphreys (1952) have given measurements of the spread of circular and two- 
dimensional plumes. In the circular case their measurements lead to H = 0-12 
and in the two-dimensional case to H = 0-22. 

Although these are probably the best available measurements of plumes, they 
cannot be regarded as definitive. In the two-dimensional case, the source was 
surrounded by a wall which may have affected the flow. Measurements to be 
presented later in this paper do in fact confirm that the value found for two- 
dimensional plumes is far too high. 
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Another method of estimating the entrainment constant for plumes was used 
by Morton et al. (1956). They observed the height to which a plume would rise 
in a stably stratified environment. Allowing for the different definition used in 
their paper, they also found F to be 0-12 for circular plumes. Here again the 
measurements cannot be considered to be very precise; in particular, the 
greatest widths of their plumes were not small compared with the width of the 
tank and there must have been some downflow in the ambient fluid. 

To sum up, we may say that there is some suggestion that H is greater in 
plumes than in jets, but that measurements on plumes have not been sufficiently 
precise to settle the point. 


Effect of a boundary 


Bakke (1957) has published measurements of a wall-jet, in which the velocity 
profile resembles that of one half of an ordinary two-dimensional jet, modified 
by the presence of a thin boundary layer along the wall. His measurements lead 
to a value for H of 0-072. The slight extent of the modification caused by the 
presence of the wall suggests that it can be taken into account by including a 
frictional force in the momentum equation. The outer parts of the flow are 
little affected by the wall, and £ is in excellent agreement with the values given 
earlier for jets. 

We shall see below, however, that in the case of inclined plumes the situation 
is more complex. At the rather low Reynolds numbers attainable in the 
laboratory, there is a tendency for the region between the wall and the velocity 
maximum not to become fully turbulent, and this can influence the whole flow. 


3. The effect of stable stratification 


It is well known that a stable density gradient strongly inhibits turbulent 
mixing. Richardson (1920) showed that this was to be expected from considera- 
tion of the turbulent energy balance, and in recent work (Ellison 1957 ; Townsend 
1958) further suggestions have been put forward about the mechanism whereby 
the buoyancy forces destroy the turbulence. Thus when the presence of a roof 
or floor causes a plume to be inclined so that the mixing zone is no longer nearly 
vertical as in the ordinary plume, the density difference between it and the 
ambient fluid will give rise to a change in the value of £. 

If we assume a state of local equilibrium to obtain and ignore molecular 
effects, we see that the only relevant dimensionless groups upon which # can 
depend are the absolute density difference (o—p,)/p,, and some parameter in 
the form of a Richardson number specifying the stability of the layer. This we 
define by: 
; Ah cos A cos a 


ti = = <r (: 


v2 VAV+V,)’ 


tt 
~— 


where « is the slope of the floor. Note that the Richardson number used in this 
discussion is a parameter specifying the overall state of a cross-section of the 
layer; and it must not be confused with the local parameter based on gradients of 
density and velocity. Ri is equal to the inverse square of the internal Froude 
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number for the layer, and the analysis could equally have been written in terms 
of Fr, which necessarily represents the same physical quantity as Ri. 

Now it is generally agreed (Batchelor 1953) that provided the density 
difference is small enough, it can be neglected except where multiplied by g 
as in the Richardson number. This is equivalent to ignoring (p—p,)/p,, in 
the inertia terms in the equations of motion; in other words, the fluid is treated 
as having uniform mass but variable weight. We should note, however, that 
there are cases of practical importance, such as unmixed methane layers, where 
the density differences are large and it may not be justifiable to neglect this 
parameter. 

Thus we may assert that provided the Reynolds number is sufficiently large 
and the density differences are small, F is a function only of the Richardson 
number, Ri. This assertion forms the basis of the theory presented in the next 
section. One should remember, however, that there are many situations in the 
laboratory and in nature when the Reynolds number is not sufficiently high to 
be unimportant; we shall discuss these further later. 


4. The theory of inclined plumes 

We consider the steady state of a layer moving up a roof over a stationary 
ambient fluid. The velocity and density profiles are left arbitrary, their shape 
being taken into account by the inclusion of two dimensionless coefficients S, and 
S, in the theory. 

It is assumed that the ambient fluid is in hydrostatic equilibrium and that the 
velocities in the plume at right angles to the boundary are sufficiently small for 
the pressure to be found everywhere by integrating the hydrostatic equation in 
that direction. 

The equations for continuity of mass deficiency and for entrainment can now 
be written as follows: 


VhA = A = constant, (6) 
Ld(Vh) B 
, = (7) 


ys 


where £ is a function of Ri, which in this case may be written A cos «/V*. The 
momentum equation is 


L(V?) ., 1d(S, Ah? cos ; 
( oi Mn i (5; ae aah filo (8) 
where S,Ah* = | 2g(Po—?) yay (9) 
J0 Pa / 
and S,Ah = | (= —!) dy. (10) 
i J9 \ Pa / , 


In the momentum equation (8), we have made use of the fact that (p,—p)/p, 
can be neglected except where it is combined with g. Equation (8) represents the 
momentum balance of the fluid contained in the elementary volume of unit 
width bounded by x, x+dz, y = 0, y = o. On the left-hand side is the rate of 
change of momentum of the fluid. The first term on the right is the frictional 





ee le | 











terms 


sity 
by g 
Pa in 
eated 
- that 
Vhere 
5 this 





large 
dson 
next 
1 the 
h to 


lary 
ape 
and 


the 
for 
in 





F 
; 
| 























Turbulent entrainment in stratified flows 429 


drag of the roof; the second expresses the pressure force on the layer due to its 
changing depth and density, that is, the difference of the integrated hydrostatic 
pressure on the planes a and 2+dz; and the last term represents the force of 
gravity accelerating the layer. Note that while we have written the friction 
term as a force proportional to the square of velocity, the drag coefficient C 
will not be a constant even for a given wall; it will vary with the shape of the 
profiles and the local stability in the region near the wall. A similar effect is 
observed in the lower atmosphere where the drag coefficient referred to the 
wind at a fixed height decreases with increasing stability. 

If any variation of S,, S, and a with 2 is ignored, and use is made of (5), (8) 
can be written: 


ee 
S,Ritana—C = (1+4S,Ri) 2 35, Ri) = ’ (11) 
: 2 dx 3Ri da 
It will be useful to have in mind the magnitudes of S, and S, during our 
theoretical discussion. In the experiments on inclined plumes to be described 
in §5 we found values ranging from 0-2 to 0-3 for S, and from 0-6 to 0-9 for S,. 
The terms in (11) involving S, are likely to be relatively unimportant. 


The development of the layer 
The entrainment equation (7) now enables us to derive from (11) separate 
equations for dh/dx and dRi/dzx. These are: 


dh (2—48,Ri)#—-S,Ritane+C 


—_ = =" 9 

dix 1—S,Ri , #4) 

: h dRi_ (1+43S,Ri) B—S,Ritana+C ” 
ve 3Ri dx 1—S,Ri : na) 


These equations play a role in the theory of inclined plumes analogous to that 
played by Bresse’s (1860) equation in the mathematical theory of gradually 
varying flow of a homogeneous liquid in an open channel; if one sets H = 0, 
they reduce to Bresse’s equation. 

In ordinary hydraulics h and Ri are directly connected through the equation 
of continuity (which is simply Vi = constant in that case) so there is a certain 
depth at which Ri = 1 and another depth for which dh/dz = 0 and dRi/dx = 0. 
In the case of the inclined plume, the behaviour of Ri is little different from that 
in ordinary hydraulics, but / is no longer connected uniquely with it. There is 
a particular value of Ri, called the normal value, Ri,, determined by the slope 
and friction, for which the right-hand side of (13) vanishes and dRi/dx = 0; to 
determine Ri, one must know S, and S, and use measured values for E as a 
function of Ri. It is found that in many practical flows Ri attains the value Ri, 
in a short distance, afterwards remaining constant, but / continues to increase 
steadily; in fact when Ri = Ri,, 


dh — 
ya E(Ri,). (14) 


The analogy with hydraulic theory may be pursued further. Equations (12) 
and (13) have six different forms of solution depending on the relative sizes of 
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S,Ri at the origin, S,Ri, and 1. The distinction can still be made between 
tranquil (subcritical) flow in which S, Riis greater than unity and the velocity of 
long internal waves on the layer is greater than the flow velocity, and shooting 
(supercritical) flow in which S, Ri is less than unity and disturbances are unable 
to propagate upstream. It will appear that the entrainment becomes very small 
when Ri is still somewhat less than unity, so that all tranquil flows are similar 
to the corresponding flows in ordinary hydraulics. We shall avoid the use of the 
words ‘subcritical’ and ‘supercritical’ to describe the state of the flow, since 
there is risk of confusion with the idea of a critical Richardson number at which 
the entrainment effectively vanishes. 

The type of solution of most concern to us is that for flow down steep slopes 
(discussed, for example, by Bakhmeteff (1932, pp. 75-81)) in which S, Ri,, and 
S, Ri, are both less than unity. The flow is shooting throughout. If it starts too 
slowly, gravity accelerates the flow until Ri approaches Ri, ; if it starts too fast, 
increased mixing occurs until Ri, is again approached and there is a balance 
between gravity and bottom friction and entrainment. 

A numerical solution of equations (12) and (13), using the knowledge of E(Ri) 
obtained in a later section of this paper, shows that if, for example, the layer 
was initiated with Ri = 1 and depth hy on a slope of 0-1, then at x = 10h , Ri 
would have attained a value within 0-01 of Ri,. In fact, the rate of change of 
Ri near the origin is so rapid that the theory cannot be expected to be at all 
accurate; nevertheless the conclusion that the normal state is reached rapidly 
should be correct. This conclusion probably applies to a wide range of cases, and 
it is used in interpreting our experiments. It implies that, at a given slope, the 
velocity of an inclined plume depends on the rate of output of density deficiency, 
A, alone. The rate of spread of the edge of the plume and the entrainment F will 
not depend on the depth of the layer nor on the distance downstream. 


5. The experimental determination of entrainment: the surface jet 

The foregoing theoretical discussion leads us to expect the entrainment to 
depend principally on the Richardson number, but it is not yet possible to 
predict its magnitude or the form of the function H(Ri) on purely theoretical 
grounds; these must be found experimentally. In this and the following sections 
two sets of experiments are described. The first were begun before the ideas of 
this paper had been developed, and there are therefore several features of them 
which may be criticized in the light of our present knowledge; however, they 
gave the first indication of the shape of the FE vs Ri relation and seem worth 
presenting for comparison with the later independent measurements, which 
relate more directly to the theory. 


The surface jet 
The early experiments were carried out while the second author was in Cambridge 
and were influenced by the equipment available in the Cavendish Laboratory. 
It was convenient to use a tank about 15 cm wide, 20 em deep and 5 m long, 
with plate-glass sides and wooden bottom and ends. At first this was fitted with 
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a sloping floor and attempts were made to study gravity flows directly. The 
essential difficulties will be discussed in connexion with the next set of experi- 
ments, but this attempt was abandoned in favour of a simpler experiment which 
permitted the mixing to be studied without the complications due to slope and 
friction. The tank was divided into two short end sections and a long centre 
compartment as shown in figure 1, by watertight partitions which were fastened 
to the sides and bottom but were slightly lower than the top of the tank. The 
experiment consisted of filling the centre section (b) with salt solution of a known 
density, and allowing a steady supply of tap water to fill (a2) and flow over into 
(b) and thence to the tank (c), which was simply to catch this overflow. 


Input Mixing region Parallel flow 
{T = 








+ + \ 





— «— i eee ee ieee \\ (c) 


(a) Fresh | — — — — (6) Sat — — — — — -+| Overflow 
Weir Weir 
Figure 1. Sketch of channel used for the surface jet experiments. 




















With no density difference between (a) and (b) the flow formed a simple two- 
dimensional half-jet which at sufficiently high rates of flow became fully 
turbulent after a few centimetres. This then increased its depth nearly linearly 
with distance until the flow in (b) became too disturbed for it to be possible to 
follow the jet further. When the fluid in (b) was heavier than that in (a), there 
was a very different picture. Mixing began as before, but the rate of increase of 
depth soon became smaller and at a certain distance downstream, depending on 
the density difference and the rate of flow, the ‘jet ’ region changed smoothly to 
one whose depth changed very little with distance. The turbulence in the mixed 
layer was damped out, and there was no further mixing with the salt solution 
below; the layer then remained of constant depth until it reached the second weir. 

These conditions could be maintained only for a relatively short time. The 
loss of salt from the centre reservoir meant that the flow was not really steady, 
but, in any case, the flow was finally disturbed by a wave on the interface 
travelling back from the second barrier. However, it was found possible to 
make all the desired measurements during the few seconds between the estab- 
lishment of a nearly steady state and the breakdown due to the passage of 
this wave. 

In order to measure velocity, small plastic particles were introduced into the 
flow and photographed with a cinecamera. The particles, of density slightly less 
than that of fresh water so that they would rise slowly through it, were released 
when required from a device laid along the centre of the bottom of the tank; 
they were spaced at about 2 cm intervals over a distance of 60 cm. The films 
showed the particles rising through the salt solution, moving slightly backwards 
because of the back flow necessary to replace the salt removed by mixing, and 
then moving very quickly forward as they reached the lighter layer on top. The 
position of no horizontal flow was slightly below that where the sudden density 
change occurred. To extract numerical values for the velocities, the film was 
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‘projected on to graph paper and the positions of the particles plotted frame by 
frame ; the process is tedious, and only a few runs have been filmed and analysed 
completely in this way. However, the input velocity can readily be found from 
the flow rate and the depth at the weir; and it will be shown that useful informa- 
tion can be found using only this and the depth of the layer far downstream. 
In the rather peculiar flow conditions of the tank, there is some doubt whether 
or not the velocity of the backflow should be considered a true flow in the 
ambient fluid; there is some suggestion that a circulation had been set up in the 
tank, in which case it should be ignored. In view of this doubt and the poor 
quality of the velocity profiles obtainable from the film, it was decided to com- 
promise and analyse the experiments by taking the sum of one half the back flow 
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FIGURE 2. Entrainment, E, as a function of Richardson number, Ri, for three experiments 
on surface jets. The value of £(0) has been taken from published results on neutral jets, and 
Ri, obtained from a more extensive series of measurements of the depth of the final layer. 


with the velocity near the top of the layer as V, and to assume that V, was zero. 
For h an average of the depth of greatest density gradient and the depth of 
greatest velocity gradient was used. The individual points showed considerable 
scatter, but by averaging over a number of particles, smooth curves of V(x) and 
h(x) could be drawn. These functions were then inserted in the momentum 
equation (11) and it was usually found that they were not quite consistent; in 
that case, further small adjustments were made until (11) was satisfied. It was 
then possible to find # from (7) and Ri from (5). The results of three runs which 
have been fully analysed are shown in figure 2. The most important feature of 
the results is the rapid fall of H with increasing Ri. 

It is of particular interest to know whether there is a ‘critical’ Richardson 
number, Ri,, above which mixing is negligible ; for example, in Expt. 1 it appears 
from figure 2 that Ri, is about 0-74. A method of finding Ri, is available which 
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can be applied simply to a longer series of experiments. The momentum 
equation (11), with S, = 1, can be integrated and written in the form 


= constant. (15) 


This shows that we need know only the input conditions and the ultimate depth 
of the layer in order to find Ri,. This depth was determined from photographs 
of flows in which the fresh water was dyed. The mean of the values of 
Rii/(1+4Ri,) was evaluated from eleven experiments (since this quantity was 
much more nearly normally distributed than Ri, itself), and from this we obtain 
a ‘best’ value of Ri, = 0-83 + 0-10. This value is marked on figure 2. 

To sum up, we have found from this series of preliminary experiments that 
F falls off rapidly as Ri increases, and that for values of Ri greater than about 
0:8 mixing is very small. A few words of caution are necessary before we attempt 
to compare these results with those of the later experiments. The numerical 
values of Z and Ri depend on the definition of the velocities and depths; we 
used the velocity near the surface, which in this type of flow is likely to be close 
to but not identical with the mean velocity assumed in the development of the 
theory. In applying the theory we have also tacitly assumed that there is local 
equilibrium at any cross-section; this is clearly not so for points near the weir 
(as is shown by the low values of E obtained before the jet has become fully 
turbulent), and any later ‘memory’ effects will tend to overestimate Z. Also it 
should be noticed that the smooth Z vs Ri curves are a result of the method of 
analysis, and the difference between separate experiments, not the scatter on 
any one curve, should be used as an indication of the magnitude of random 
experimental errors. 


6. The experimental determination of entrainment: inclined plumes 
(a) Earlier measurements 


The only previous measurements on inclined plumes known to us are those of 
Georgeson (1942). She liberated methane or hydrogen from a shallow box on the 
roof of a concrete gallery 5 ft. wide, 6ft. high and 100 ft. long, having a slope 
of 1 in 10, and measured the depth of the layer 25 ft. and 75 ft. from the source, 
and the velocity of the leading edge of the layer. Her interpretation was based 
on an arbitrary assumption about the rate of spread of the layer, but the results 
may be re-evaluated using the theory of §4. She found that the velocity was 
proportional to the cube root of the rate of inflow and varied little with x; this 
agrees with our equation (5) and our conclusions about a normal Richardson 
number provided we assume, as Georgeson did, that the velocity she measured 
was equal (or at least proportional) to the velocity of the layer. If we use this 
velocity to calculate Ri, and obtain E by (14) from the measured rate of growth 
of the layers (the depth grew from 8 in. at 25 ft. to 14 in. at 75 ft.), we find 
E = 0-01 at Ri = 0-37. In view of the uncertainty of interpretation of these 
measurements, they are in good agreement with our results. A point repre- 
senting these values is shown in figure 10. 
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More extensive experiments of the same type are currently being conducted 
by Leach (1959), and we are grateful to him for permission to quote his results 
before publication. He releases methane into a gallery having a slope of 1:25, 
This has a curved roof, so that the flow is not properly two-dimensional, but 
due allowance has been made for the effective width and depth of the layer in 
calculating entrainment. Leach measures methane concentration as a function 
of distance from the source and from the roof, and uses the continuity of density 
flux to define a mean velocity—a process which is equivalent to the use of 
equations (6) and (10) with S, = 1. An average of four experiments, with 
measurements at three cross-sections, leads to values of H = 0-0039 and 
ti = 0:46; these also are shown in figure 10. Note that Ri is increased and the 
point brought very nearly into agreement with our curve if S, is taken as 0-9, 
which we shall see is a plausible value at high Reynolds numbers. 


(b) Laboratory experiments 
(i) The experimental channel 

In planning the laboratory experiments on inclined plumes emphasis was 
placed on the production and maintenance of a steady state. We required a 
nearly two-dimensional flow whose properties remained constant in time and 
which could be controlled over a wide range of flow rates, density differences and 
slopes. As in the surface jet experiments, salt solution and water were chosen 
as the working fluids in preference to gases since this enabled reasonable 
Reynolds numbers to be obtained with apparatus of practical size. (For a given 
Richardson number, Reynolds number and ratio of densities, the size of the 
apparatus is proportional to the two-thirds power of the kinematic viscosity, 
so if we had used air instead of water, the apparatus would have had to be six 
times as large.) 

The channel which was used for most of the measurements was made as large 
as possible consistent with the available water supply. It consisted of a Perspex 
box 200x 60x 10em, mounted with the largest faces vertical; it could be 
tilted to any angle between horizontal and vertical. 

The channel was filled with fresh water, and salt solution supplied from a 
tank in the roof of the laboratory to an opening at the upper end of the bottom 
of the channel. The rate of flow was controlled by a series of nozzles which could 
be inserted into the supply pipe. The flow provided by each of these was measured, 
and so, knowing the density of the salt supply (determined by weighing), one 
could calculate the flux of density excess, A. The solution flowed in a 1 em wide 
stream down the full length and was removed, together with the fresh water 
that it had entrained, from the bottom corner. There was a considerable body of 
water above the flowing layer, so the effect of the top of the channel was 
negligible; but, in order to maintain a steady state, fresh water had to be added 
to make up for that lost by entrainment. We knew from the theory that the 
velocity of flow and the entrainment at a fixed slope should be independent ot 
distance, and hence that the inflow velocity should also be constant. Therefore 
extra water was supplied gently at a constant rate all along the top of the tank 
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by foreing it through a long ‘sock’ about 10 cm in diameter made of cotton 
sheeting and connected at both ends through control valves to a constant head 
tank of fresh water. The arrangement is shown in figure 3. 

Provision was made at 10 em intervals along the centre of the bottom of the 
channel for the insertion of measuring instruments which could be traversed 
across the flow to give density and velocity profiles; since the flow was steady, 
there was sufficient time for such traverses to be made. 

Fresh 
a input 








Tube open 
to atmosphere 


Salt 
input 


Fresh 
input 
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FicurE 3. Sketch of the channel used to investigate inclined plumes. 


The density was found by withdrawing samples from the desired position in 
the flow with a fine stainless steel tube and measuring salinity continuously in 
a simple conductivity cell. This consisted of two lengths of stainless steel tube 
(1mm diameter for most of tue experiments, but 3mm diameter for experi- 
ments with the channel vertical when very weak samples had to be measured) 
mounted rigidly and joined by a short length of insulating polythene tubing 
leaving a 3mm gap. A potential of 2:3 V, 50 c/s, was established across the cell 
and the current read on a meter: calibration was carried out directly against 
density using samples of known dilution. 

The velocity profiles were obtained by using thermistors encased in the tips of 
class tubes (Standard Telephones and Cables Ltd., Type F 23) set transversely 
to the flow. Each of the thermistors, which were heated with a current of about 
40 mA, 50 c/s, was placed in one arm of a Wheatstone bridge adjusted to 
balance when there was no flow. Movement of the water cooled the thermistor 
and threw the bridge off balance; the out-of-balance was indicated by a meter 
and used as a measure of the velocity at the tip of the thermistor. Calibration 
was carried out directly by placing the thermistors in a pipe where dyed patches 
of water could be timed between fixed marks. As with all instruments working 
on the ‘hot-wire’ principle, the output is highly non-linear (the instrument 
being most sensitive at low speeds) and depends on the temperature of the 
fluid, which was therefore recorded in each experiment and calibration run. 
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The averaging of the considerable fluctuations in the meter readings caused by 
the turbulence in the flow was done by eye, making a somewhat subjective 
allowance for the non-linearity of the instrument. 


(ii) Description of the flow 

The salt solution can be dyed so that it can be followed easily by eye. When 
this is done, a wide variety of phenomena can be directly observed, and it will 
be instructive to describe these briefly in qualitative terms before proceeding to 
the detailed results of the measurements. 

When the flow is started, a rounded nose moves through the static water, 
usually overhanging its base slightly. At low slopes and large density differences 
this advances at about the mean flow rate of the layer behind it; it stays about 
the same depth as the layer apart from a small bump at the tip followed by 
a depression and grows only very slowly. At large slopes and smaller density 
differences the nose becomes very turbulent and builds up continually to many 
times the thickness of the layer. Its velocity is then much smaller than that of the 
layer behind. This fact must be kept in mind in interpreting measurements, such 
as those of Georgeson already discussed or the results for turbidity currents, 
in which only the nose velocity was determined (although in each of these 
cases it is in fact likely that the nose travelled at much the same speed as the 
layer). The properties of noses and the factors which determine their behaviour 
make an interesting study in themselves, but one which cannot be pursued 
here. 

At low flow rates and small slopes, the steady layer behind the nose remains 
laminar with a sharp top and no mixing with the fluid above. If the flow rate is 
increased, waves appear on the interface, and increase in size until their ampli- 
tude is comparable with the depth of the layer. They eventually break and 
transfer material upwards into the overlying water. This is a mechanism of 
mixing which can operate in very stable conditions, even when the density 
gradients are so steep that no turbulence can persist. 

At high flow rates and greater slopes, the whole of the salt layer becomes 
turbulent, and the layer spreads out as it entrains fresh water. The outer edge 
is an irregular succession of large eddies, but there is an inner region, a few 
millimetres thick, near the floor, which is less disturbed, and which appears as 
strongly coloured fluid with an irregular surface. This inner layer becomes less 
noticeable as the flow rate increases, but at intermediate Reynolds numbers it is 
very important. It appears from the measured profiles that the velocity 
maximum occurs near the position of steep density gradient ; this means that the 
shear is zero near the top of the inner layer and so there is locally no source of 
turbulent energy at this level. It is not therefore surprising that there is little 
transfer across the interface. There is clearly strong interdependence of Reynolds 
number and Richardson number effects in the range of Reynolds numbers at 
which we can study inclined wall plumes in the laboratory; at high slopes (and 
hence low Ri) very low rates of flow give turbulent plumes with no appreciable 
inner layer, while at low slopes (and hence high Ri) much larger rates of flow 
are required for the plume to become fully turbulent. A quantitative discussion 
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of the criterion for turbulence is beyond the scope of this paper, which must be 
confined to the turbulent case. 

The nature of the entrainment process and the effectiveness of our method of 
adding fresh water to the channel may be demonstrated as follows. Dye is 
added briefly to the fresh water supply; this seeps out through the sock and 
travels straight across the channel perpendicular to the plume at all slopes. 
At the edge of the plume it is trapped by the large eddies and, as it becomes 
part of the plume fluid, travels at right angles to its previous direction and much 
faster. None of the fluid in the plume escapes: transfer is always into the turbulent 
fluid. 

If too little fresh water is supplied, a pool of dilute salt solution builds up at 
the bottom of the tank. Usually, the supply of fresh water is adjusted until this 
pool just disappears, but for some purposes it is desirable to retain it; its 
position may be used as a measure of the entrainment as described later. 

In the following sections three approaches to the problem of measuring 
entrainment as a function of Richardson number are described. We started with 
measurements involving the recording and integration of velocity profiles, but 
as our understanding of the process increased, proceeded to use simpler and more 
effective methods of characterizing the flow. 


(iti) Measurements of profiles 

In figure 4 are shown typical mean profiles of velocity and density difference 
for an inclined plume with a slope of 14°. Note that the velocity profiles have 
a steep increase to the maximum and then a gentle, nearly linear decrease to 
zero at the edge; the salt profiles show a very concentrated layer near the wall, 
but the concentration falls off sharply at about the height of the velocity 
maximum. The edge of the measurable salt is close to the edge of the layer 
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indicated by the velocity profiles. The dilution of the plume and the increase of 
its depth with distance downstream are clearly shown. 

We have integrated profiles such as these to obtain V and h defined by (1) 
and (2) and have then calculated H and Ri using (4) and (5). The process is 
tedious, but the results for a series of experiments covering a wide range of 
conditions are presented in figure 5. It is clear that we do not obtain by this 
means a single value of Ri for each slope or even a single curve of E vs Ri. Part 
of the difficulty is the limited accuracy of the velocity measurements (probably 
not better than + 10°) and the fact that the measured velocities have to be 
cubed to obtain Ri. There is, however, a trend in the results suggesting that 
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E is lower at higher Reynolds numbers (the numbers marked on the points are 
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Figure 5. Entrainment into plumes as a function of Richardson number, obtained by 
integration from measured profiles. The numbers marked on the points represent the mean 
value of Vh during the runs. 


values of VA in the middle of the length over which F was measured). This odd 
effect may be attributed to the inner concentrated layer of salt. At low 
Reynolds numbers this carries most of the salt flux; little salt can pass the 
velocity maximum, but there is a turbulent region above it which is therefore 
hardly stabilized at all by the salinity gradient. At higher Reynolds numbers the 
salt is spread right across the moving layer and has a stronger inhibiting action 
on entrainment. This view is supported by a calculation of the factor S, defined 
by (10), which gives a measure of the spread of the salt relative to the velocity 
profile. We find that lower entrainment is associated with higher values of S,, the 
range of S, for the observations shown in figure 5 being from 0-6 in a flow at low 
Reynolds number at 23° to 0-9 at the highest Reynolds number obtainable at 9°. 

The same integration of salinity profiles enables us to estimate the friction 
coefficient C from (13). This is found to take values greater than would be 
found if the region below the velocity maximum were laminar but less than 
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that associated with pipe flow in a uniform fluid. The measurements are not 
sufficiently accurate for it to be possible to describe how the friction coefficient 
depends on stability and Reynolds number. Also, when the layer has thickened, 
its depth is no longer negligible compared with its width, and friction on the 
side wall is an additional complication. 


(iv) Analysis of the outer parts of the layer 

The full analysis of the profiles gave very little useful information after a 
great deal of labour. We shall now concentrate on the region beyond the velocity 
maximum, and present a quicker method of analysis. Instead of measuring 
V and h by integrating the profiles, we choose a characteristic velocity and 














004+ 
o 0 
= 0:03 
eo ° 9 
ee bs 4 14 
0:03 F 4: <6 e 23 
as, a 42 
i . ° 40:02 
E 002+ ————9 , E. 
a 
4001 
OO1F x 
0:05 010 Ris 
lL 1 J 
T T T T 
01 0-2 03 04 
Ri 


FicurE 6. Entrainment as a function of Richardson number based on measurements of 
the outer parts of the plume. Scales are shown for the directly measured E, and Ri,, and 
also for the equivalent EH and Ri which relate to mean properties. 


length which may be found by inspection in each case. We note that the outer 
parts of the velocity profiles are nearly linear and so we use the intercepts of 
this straight portion on the height axis and on a parallel to the velocity axis 
through the velocity maximum, to define h, and V,; the density at a standard 
distance above the velocity maximum, 0-2h,, is used to define a flux A, = Ajh,V,. 
A single integral over each velocity profile is used to determine d( Vh) (dex and 
hence £. 

The relations between V, and V, and Ri, and Ri, were found from a study of 


those cases for which both types of analysis were available to be V = 0-80V, and 
ti = 3-8Ri,. It should be noted, however, that these conversion factors are 


based almost entirely on experiments at 23° and there is some uncertainty in 
applying them to higher slopes; and in fact at the lower Richardson numbers the 
results of this method do not agree well with those of our other methods (figure 10). 

The results of the simplified analysis are plotted in figure 6, where scales for 
both Ri and Ri, and for E and FE, are shown. Although there is still a con- 
siderable scatter, it is less than in figure 5 and a detailed examination shows no 
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trend with Reynolds number. Note that sometimes two values of Ri are shown 
for the same FE; these represent occasions on which the flow was accelerating 
slightly between the two measuring positions. There is clearly a decrease of 
entrainment with increasing Richardson number and an increase of normal Rj 


with decreasing slope. 


(v) Direct measurement of velocity and entrainment as a function of slope 

The success of the simple method of analysis used for the outer parts of the 
plume in the last section encouraged us to simplify even further and to seek a 
definition of a characteristic velocity which could be measured without the need 
to obtain profiles at all 

We have noted that the velocity maximum occurs close to the region of 
large density changes, which with coloured salt solution is visible as a sharp 
interface a few millimetres from the wall. Irregularities or turbulent eddies at 
this level may be followed by eye and their passage between fixed marks on the 
channel timed to give a reproducible measure of velocity. Comparison of 
velocities obtained in this way with measured profiles shows that, when a shary 
layer is present, one tends to follow waves on the interface and find a velocity 
slightly larger than the maximum mean particle velocity. The relation between 
V and the layer velocity, V,, is V = 0-60, at 23°; at higher slopes, when there 
is no sharp inner layer, there is evidence that J; is close to the maximum 
velocity and that V = 0-7V,. (Note that if V; was exactly the maximum 
velocity, the factor would be 0-70 for Gaussian profiles and 0-67 for triangulat 
profiles.) The results have been interpreted on the assumption that the factor 
is a linear function of slope varying from 0-60 at 23° to 0-70 at 90°. Any 
uncertainty introduced by this somewhat arbitrary procedure is not large 
Richardson numbers have been calculated using A found from the known 
input rates and densities of the salt supply. 

The entrainment was measured by making use of the pool of dyed salt 
solution at the bottom corner of the channel. When the flow rates are adjusted 
so that a steady small pool forms, we know that the length of the entraining 
layer extends from the input to the top surface of this pool; mixing within the 
pool does not remove any further fresh water from the channel. The total rate 
of output was measured with a bucket and a stop-watch, and so, after sub- 
tracting the salt input, d(Vh)/dx could be found. Thus with the aid of the 
velocities obtained from the timing of the layer we can evaluate EL. The method 
is much less laborious than the earlier ones, and a more extensive series of 
neasurements has been possible. 

The results, which cover a wide range of output rates, density differences and 


slopes, are shown in figure 7. We have also plotted E and A/V* as functions of 


slope in figures 8 and 9, since these relations are often required in practice. It 
is of particular interest to note that the value of E found for a vertical wall plume 
is 0-087, compared with the value of 0-075 for a neutral jet. We would not attach 
much significance to the difference between these values; but we can say con- 
fidently that F is not as high as 0-22 which, as mentioned earlier, is the value 
corresponding to the measurements of Rouse et al. (1952). 
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Entrainment as a function of Richardson number for inclined plumes, using the 


FIGURE 7. 
direct visual measurements of velocity and entrainment. The scales Ez; and Riz relate to 


the ‘layer velocity’ and FE and Ri to the mean velocity. 
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FIGURE 8. of entrainment into an inclined plume as a function of slope. 
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Seales show velocity’ and FE based on the equivalent mean 


velocity. 
(vi) ( Oompa YESON of the SEVE ral methods 


In figure 10 we have collected together the mean curves of £ vs Ri found by 
the three methods: the 


outer parts of 


surface jet, the profile measurements analysed using the 


the plume and the timing of the layers. Agreement is good, 
particularly when it is remembered how sensitive the values of Ri are to the 
velocity measurements. The surface jet tends to give the highest values of E for 
a given Ri; if this is regarded as significant, it might be explained as a ‘memory’ 
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effect arising because the jet is not exactly in local equilibrium. It is likely that 
the Richardson numbers taken from the profile measurements are systematically 
too low at small values of Ri, as mentioned in (iv) above. 
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FicurE 9. Measurements of A/V? as a function of slope. The points have been obtained 
by the ‘layer velocity’ method but are plotted using the equivalent mean velocities. 
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FIGURE 10. Comparison of the three series of measurements of entrainment as a function 
of Richardson number, all based on equivalent mean velocities. Also shown are points 
calculated from the measurements of Georgeson and Leach. 


The curves are less firmly based at high values of Ri than elsewhere. This is 
a pity since important flows occur at low slopes, but in order to obtain satis- 
factory measurements in this region, a much larger scale experiment than is 
practical in the laboratory seems to be required. However, as we shall see in the 
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next section, when the ambient fluid is in motion the relevant Richardson 
numbers are smaller and the region which we have examined in detail is 


important even at low slopes. 


7. The application of the results 
(a) Prediction of mean velocity and concentration 

The laboratory results may be used confidently to make predictions of the 
velocity of flow of a larger scale turbulent density current on a steep slope. All 
that is required is an estimate of the rate of output of light or heavy fluid; small 
changes in Ri due to Reynolds number effects or changes in the friction coefficient 
will be unimportant since V is proportional to Rit. This point is brought out 
clearly in figure 11, in which we show measurements of V based on profiles 
recorded at a slope of 23°, plotted against A on logarithmic scales; V is propor- 
tional to A} over a wide range of A and the relation should continue to hold at 
higher values. The constant of proportionality could have been obtained from 


figure 9. 
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FicuRE 11. Measurements of the flux of density difference, A, as a function of the velocity 
V at 23°, plotted on logarithmic scales. 


At low slopes, our results suggest that H becomes very small, so that even at 
large Reynolds numbers there should be negligible mixing of a current with its 
surroundings and so little friction at the interface. The weight of the layer must 
then be balanced solely by friction on the floor and 


d 
So, re 
2 V: 


;sina = C. (16) 


This result is important in the theory of turbidity currents (Charnock 1959). 
At a given slope and rate of emission and hence a fixed V, the concentration 
in a plume at high Reynolds number is inversely proportional to h. Since 


dh/dz = E, the dilution can readily be calculated using the results for E as a 


function of slope (figure 8). 
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(b) The effect of motion of the ambient fluid 
There is considerable interest in the question of how a steady velocity in the 
ambient fluid affects the flow of a wall plume. The meteorologist wishes to know 
how large an upper wind is necessary to destroy a katabatic flow at the surface; 
and the mining engineer is interested in how fast a downhill ventilating flow is 
needed to prevent a methane layer flowing uphill along the roof of a sloping 
mine roadway. 

Using the measurements of H vs Ri, we can iow supply rough answers to 
these questions. The results are not very sensitive to small changes in this 
relation, and are probably adequate even if there is a tendency for an opposing 
flow of ambient fluid to increase the apparent value of # (as might perhaps be 
inferred from a remark of Townsend (1956)). 

Let us again consider the case where there is a line source of density difference 
of strength A, though this is a considerable simplification of the meteorological 
situation where cooling may extend over tens of kilometres. The equations 
required are 

A(V +V,) h = A = constant, (3) 
dh(V +V,) 


> allies E\V\, (4) 


where E is a function of the Richardson number which is given by 


,. AAcosa A cosa . 
Ri = = = saa oe (d) 
ie VV +.) 
and the momentum equation, which in this case may be written 
d(V+V,)VA ee fie ' dAh?8 m 
; : -—(V+V,)?Csgn(V+V,)+S,Ahsina—} cosa— (17) 
ax c a ax 


These equations will be valid only when V is positive, that is, when the motion 
of the ambient fluid is either opposed to the natural motion of the layer or, if in 
the same direction, is less than the speed at which the layer is travelling. In the 
case where the ambient fluid is dragging the layer forward in the same direction 
as gravity with friction as the only retarding force, the profiles will be very 
different from those assumed for plumes and our values of E are unlikely to 
apply. The velocity of the layer itself, V+V,, can take either sign. 
In the normal state in which dV/dx = 0, the equations lead to 


, r Ty 
1+ 48, Ri— . | K = §.Ritene—C' caer an V,). (18) 
7 V+h A ii a 

For given values of « and C’, and using our results for #(Ri), the equation (18) 
can be solved numerically to give (V +V,)/A? as a function of V,/A?, that is, the 
non-dimensional layer velocity as a function of that in the ambient fluid. The 
calculation has been carried out using S, = 0-25 and 8S, = 0-75, fora = 0-02 and 
x = 0-1, with C = OandC = 0-02. The latter friction coefficient is a high value 
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which is unlikely to be reached except in small-scale laboratory experiments. The 
results are shown in figure 12. It will be seen that when V, opposes the natural 
flow and is greater than a value ranging between 2-44) when C = 0, a = 0-02, 
and 3-244 when C = 0-02, « = 0-1, it is possible for the layer to flow in either 
direction. Three values of (_V+V,) satisfy (18), but it is fairly clear that the 
middle one is unstable and that the layer can either flow very slowly with 
gravity, concentrating the available density difference so as to achieve the 
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FicurE 12. Calculations of the velocity of an inclined plume with a moving ambient 
stream, based on the experimental E(Ri) relation shown in figure 10. V +V, is the velocity 
of the layer, V, that of the ambient stream. Curves are shown for two values of the slope 
and two friction coefficients; the velocity necessary to reverse the direction of flow is seen 
to be relatively insensitive to changes in these parameters. 


necessary Richardson number, or at a moderate speed in the reverse direction. 
Physical intuition urges that since only a small fluctuation in speed from the 
slow forward moving state is needed to take the layer to the unstable solution, 
it is likely that in practice the reverse flow will be realized whenever it can exist. 

The curves of figure 12 for different slopes and friction coefficients lie close 
together, showing that the velocity of ambient fluid required to produce 
reversal, like the free forward velocity, varies only slowly with these parameters 
and all that is needed to predict it is a good estimate of A. However, the 
Richardson number, values of which are marked on figure 12, does depend on 
the slope, and the corresponding values of Z, which is a strong function of Ri, 
vary more markedly. We note, as mentioned previously, that small values of Ri 
are relevant when the ambient fluid is acting against gravity; and for a given 
ambient velocity there is much more mixing when the slope is steep. The 
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entrainment becomes very small in the case of moderate ambient flows assisting 
gravity. 

Although these conclusions and ‘the numerical values are strictly applicable 
only to the case of a turbulent layer and laminar ambient stream, it is unlikely 
that they will be affected greatly by a low level of turbulence in the ambient 
flow. It is not possible for us to test the theory in our large channel because of 
the amount of water which would be required to produce the ambient stream, 
but we have begun some experiments in a small tiltable channel 10 em wide by 
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FicurE 13. Experimental values of the reversal velocity as a function of slope, compared 
with calculations carried out for two values of friction coefficient. Dots: A = 21. Circles: 
A= @3. 

5cem deep and 250 cm long, which are of interest in this connexion. Salt 
solution is released from a slit across the bottom of the channel near the centre 
of its length, and may travel either with or against the main stream (which in 
this channel is necessarily turbulent at moderate velocities), depending on the 
rate of output, the main stream velocity and the slope. In figure 13 are shown 
the measured mean velocities of the main flow necessary to produce reversal of 
the layer for a range of slopes. These are compared with the theoretical values, 
calculated on the basis of diagrams like figure 12, for two values of friction 
coefficient. The agreement is satisfactory and the measurements demonstrate 
the small dependence on slope. Note particularly that flow against the main 
stream is possible at very small slopes. 


(c) Typical values of A 
Finally we may give some estimates of typical values of A in practical cases, 
from which velocities may be calculated. 
For a katabatic wind, suppose there is a line source equivalent to an area 
50 km long in the direction of greatest slope which is cooled at 0-1 cal em-? min-!: 
then A = 108 em? sec~3. The velocity of free flow would be about 


600 em sec! = 12 knots, 
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and the velocity of upper wind necessary to reverse it is 

> 1 
2-643 = 1200 cm sec“! = 24 knots. 


These values are not unreasonable. It is hoped in a later investigation to com- 
pare the theory with meteorological observations, and for this purpose it may 
be necessary to extend the theory slightly to take account of the Coriolis force 
due to the earth’s rotation. 

As an example of the release of methane in a mine gallery, let us suppose that 
10 ft.2 min~ is released in a roadway 5 ft. wide. A is then 10* em? sec-? and the 
ventilating flow needed to reverse the layer would be 57 cm sec~! = 120ft. min~. 

In the case of turbidity currents, our results may be used in reverse. There are 
well-documented cases in which turbidity currents have broken a succession of 
telegraph cables on the ocean floor and so their front velocity is well known. In 
this case # is very small so it is only necessary to guess C. For example, in the 
Grand Banks turbidity current of 1929, velocities of 55 knots were reported, 
so with C = 0-003, we find A = 6x 10! cm? sec-*. 


8. Conclusion 


The assumption that the rate of entrainment into a turbulent inclined plume 
is a function of the overall Richardson number has led to a consistent picture of 
such flows. Our experiments have determined the empirical function E(Ri) 
with an accuracy sufficient for most applications except in the range of high 
Richardson numbers where E is very small. Here much larger scale experiments 
are desirable. 

It is not claimed that this approach is in any sense fundamental, but it forms 
a natural extension of an idea which has been used successfully in uniform 
fluids. The experiments could, perhaps, be refined further to investigate 
systematically the effects of Reynolds number (for example, to explain the 
details of figure 5). This seems to be taking the ‘overall’ approach too far, 
however: it is likely to be more profitable to look at the local rates of transfer 
of salt and momentum and to try to relate them to local stability parameters at 
different parts of the flow. Work is now being continued along these lines, both 
for simple wall plumes and (in the smaller channel mentioned in the last 
section) for a flow with an opposing turbulent ambient fluid. 
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Amethod, based on the measurement of attenuation of microwaves, which allows 
the electron density and the ionization rate of shock-heated gases to be obtained, 
is described. Results obtained for air in the shock Mach range 8-2—10-4, and for 
nitrogen containing 0-25 °%% oxygen in the range 7-4-8-8, show that the electron 
density is in agreement with theoretical calculations based on thermodynamic 
equilibrium. Ionization time measurements in air are presented in this range and 
these results extend the measurements of Niblett & Blackman (1958) to a lower 
Mach range. 


Introduction 

The electrical properties of thermally ionized gases, produced by shock waves, 
have been studied by a number of authors. Lin (1952) and Lin, Resler & 
Kantrowitz (1955) measured the electrical conductivity of argon in the shock 
Mach range 4-16 by hydromagnetic methods. Lamb & Lin (1957) obtained data 
on the electrical conductivity of air in the shock Mach range 11—17 with the same 
type of equipment. Petschek & Byron (1957) studied the ionization mechanism 
of argon behind shock waves in the shock Mach range 10—18 and gathered data on 
theionization times involved. Recently, Niblett & Blackman (1958) measured the 
ionization rate in air for shock Mach numbers 11-17 by a photographic method. 

This paper presents new data on the ionization rate and electron density in air 
between shock Mach numbers 8-2 and 10-4 and in nitrogen, containing 0-25 %%, 
oxygen, in the shock Mach range 7-4—-8°8. 

The method described here (see also Low & Manheimer, 1959) is based on the 
interaction of microwaves with the ionized gaseous medium. The attenuation 
coefficient of the microwaves is related to the electrical conductivity and the 
dielectric coefficient of the gas. Margenau (1946) showed that these quantities 
may be calculated if the electron density of the gas and the collision frequency 
of electrons with other particles are known. Assuming thermal equilibrium it 
is possible (Bethe 1942; Glass, Martin & Patterson 1953; Gilmore 1955) to 
calculate the chemical composition of the shocked gas, and its temperature and 
density as functions of shock Mach number for given initial conditions. 
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These data enable one to calculate the electron density as well as the collision 
frequency of electrons with those species whose collision cross-section is known. 
It is, therefore, possible to obtain a theoretical curve for the attenuation coefficient 
of microwaves of given frequency as a function of shock Mach number for specified 
initial conditions. 

In this work the attenuation coefficient of microwaves of 3 em wavelength and 
the shock velocity are measured experimentally and compared with the results 
of the theoretical calculations. 

By observing the attenuation as a function of time as the shock-heated gas 
passes through the waveguide, one can estimate the rate of ionization and obtain 
information about the rate of approach to thermodynamic equilibrium and the 
mechanisms involved. 


Theory 


The attenuation coefficient, x, of microwaves of circular frequency w (w = 2nf, 


where f is the frequency in cyce/sec) which pass through a gaseous medium, 
assumed to be in thermal equilibrium, is given by the following relation, due to 


Margenau (1946): 
9 = on1 
, wet 4770,,\* |?) 
42 = ha ey sina 
7 2c? | a | EW | I 


For (4770,,/ew)? < 1 this may be approximated by 


270, 
4—=—. (La) 
a 
Here ¢ is the dielectric constant of the gas (¢ = €, — 470,/w), , and a; are the real 
and imaginary part of the complex conductivity, and ¢ the velocity of light in 
vacuum. The positive sign should be taken for e > 0, and the negative one for 
€ < 0, since @ is always real. o, and o; are given by 


4 e2N ore 8 eNy w” 
ey e/ a ) 
ge ge eg nc, » 
3/7 my y? 3/7 Mw* y 
: a, 2Nw - Ww" ¢ 2N, Ww F 
and O,=-; — K 1 > as —>, (3) 
3,/7 my* oi (pd mw 5 de 


where e denotes the electron charge, m its mass, N, the density of free electrons, 
and y their mean collision frequency in the ionized mixture. A,(x) and A(x) are 
special functions detined by Margenau (1946). 


The mean collision frequency y can be defined by the gas kinetic formula 
rps nial a ; 

= 0LN,Y;. (4) 
n, is the number of particles of species j per em’, Q,; is the average electron cross- 


section of particles of species ), and v is the mean velocity of the free electrons, 
which is related to their temperature 7’ by (k being Boltzmann’s constant): 


, 
wie 


— = kT. (5) 
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Since the temperatures reached in the experiments do not exceed 4000 °K it is 
justifiable to assume that the electron temperature is equal to the gas tempera- 
ture. For the electron velocities obtained in this work (well below leV) one 
should use the electron diffusion cross-section (this point is discussed at some 
length by Lamb & Lin 1957). The species which may contribute appreciably to 
the total electron collison probability n;@Qj are, in our case: Ny, O,, NO, N, O 

J 

and A (this can be seen from figure 6 of Lamb & Lin (1957) for air and from 
calculations described in the Appendix for nitrogen). Data on the average 
electron diffusion cross-sections for all these species have been compiled by 
Lamb & Lin (1957). For the molecular species N,, O,, NO and A, their values are 
based on experimental data, reported by Massey & Burhop (1952). For atomic 
oxygen and nitrogen they used the theoretical calculations of Hammerling, 
Shine & Kivel (1957), which showed good agreement with their experimental 
results. 

Since our experimental results indicate that thermodynamic equilibrium has 
essentially been reached in these experiments, the composition of the ionized gas 
(the various 7,, including the electron density N,), its temperature and density at 
a given shock velocity and initial temperature and density, can be calculated 
from the Rankine-Hugoniot equations across the shock front, according to a 
method first developed by Bethe & Teller (1940) and Bethe (1942), and described 
in detail by Glass, Martin & Patterson (1953) and Gilmore (1955). 


Techniques 

The shock waves were produced in a small brass shock-tube of circular cross- 
section, built for this investigation (see figure 1). The internal diameter of the high- 
pressure section is lin. and that of the low-pressure section 0-5in. This gives a 
higher shock strength for the same pressure ratio than a constant section shock 
tube (Glass et al. 1953). 

Interchangeable sections were used so that the overall length of the tube could 
be varied between 80 and 130cm. The shock velocity was measured by the 
ionization plug method (Birk, Erez, Manheimer & Nahmani 1954; Campbell, 
Malin, Boyd & Hull 1956). The metal tube incorporates a Teflon section, where 
the attenuation of the microwaves is measured. Teflon was chosen because of its 
favourable mechanical and electrical properties (good sealing properties and low 
losses at microwave frequencies). 

Hydrogen was used as driver gas, which, owing to its low molecular weight, 
gives strong shock waves with reasonable pressure ratio (Glass et al. 1953). The 
gas was obtained from commercial cylinders, at a maximum pressure of 140 atm. 
The diaphragm, dividing the chamber from the channel, was made of several 
cellulose acetate sheets of 0-4 mm thickness (2—4 pieces according to desired shock 
strength). The channel was evacuated by a conventional vacuum system including 
a rotary oil pump, a 3-stage mercury diffusion pump, a cold trap filled with dry 
ice, and a shortened McLeod manometer. The vacuum obtained in the shock tube 
was better than 10” Hg. After evacuating the system, the low-pressure section 
was filled with the gas under study and its flow regulated in order to obtain the 
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desired pressure. At a pressure of 10mm Hg, which was used in the experiments 
with nitrogen, the impurity level due to leaks was 0-2 %%. Experiments with air as 
test gas were conducted at lower pressure, between 1 yi 3mm Hg, since there 
were no purity limitations here while safety reasons favoured low air pressure 
when using hydrogen as driver gas. 
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FicurE 1. Block diagram of shock tube and microwave equipment. 


The Mach numbers obtained experimentally were 20—25 % lower than those 
expected for an ideal shock tube. This is caused by imperfect rupture of the 
diaphragm, heat losses to the walls, and boundary layer effects. These perturba- 
tions are pronounced owing to the small bore of the tube (Lin 1952), for example, 
observed a difference of 12 °, between ideal and actual Mach number even with 
a shock tube of internal diameter 1-5in.). The velocity of the shock during its 
downward travel was measured between three stations immediately before the 
test section. No attenuation was detected within the accuracy of our shock 
velocity measurements (+ 1 %). 

The microwave equipment used was in the 3 em range (exploratory experiments 
in the 1 and 10cm ranges showed that the method may be used successfully with 
these wavelengths too). A Varian X-13 oscillator was our power source; the line 
included conventional components for the measurement of standing wave ratio, 
as indicated in figure 1. The standing wave ratio was minimized (about 1-05) 
before each experiment. The microwave output was displayed on the Y input of 
a Du Mont 329 oscilloscope and photographed by a Du Mont Oscillorecord camera. 
The scope was triggered by a signal coming from an ionization plug through a 
video amplifier. Two further ionization plugs were connected, through a second 
channel of the same amplifier, to the Z input of the scope and darkened the trace 
at the passage of the shock front. 

A typical oscillogram is shown in figure 2. J is here 9-8 (the speed of sound in 
air is 340 m/sec). We can distinguish (from left to right) the arrival of the shock 
front at the first plug (onset of the trace, point A), its passage over the second and 
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third plug (darkening of the trace, points B and C). As the shock front arrives at 
the waveguide we see a decrease in microwave power, the maximum attenuation 
(0:03 V), point D, being reached after about 9~sec. The undisturbed output is 
0:3V. From the voltage ratio ),/V, the attenuation coefficient, ~, is calculated by 


the relation 37 =F 
a (db/em) = - In-*. (6) 
lotr Vi 


Here [is the effective path of the microwaves through the attenuating medium. 
This quantity, which depends on the microwave field and the geometrical con- 
figuration, was determined experimentally to be 0-73 cm. 





FicurE 2. Oscillogram of microwave attenuation as a function of time. Shock wave in 
air, at pressure 1 mm Hg, M = 9-8. Time base 5 microseconds per scale division. Amplifi- 
cation 20 mV per scale division. The first spark plug triggers the trace. The passage of the 
shock wave over the second and third spark plugs are indicated by a darkened trace at 
B and C. The maximum attenuation at point D is about 0-03 V and is reached after 


9 usec. 


Calibration experiment 
The attenuation caused by a gas discharge in our microwave system was com- 
pared with results of Udelson, Creedon & French (1957). Instead of the shock tube, 
a discharge tube of the same diameter was passed through the waveguide and 
a d.c. discharge in hydrogen was produced using a power supply of variable 
voltage (0—5000 V), which enabled us to raise the discharge current to a maximum 
of 7-5mA. The ratio of the microwave power without discharge and during 
discharge was measured by the current in the crystal detector and a sensitive 
galvanometer. The crystal was operated in the square law region and the attenua- 
tion constant, «’, is therefore given by a relation analogous to (1): 
a (db/em) = i “In , (7) 
<'nom 1 


taking a nominal path / of 1 cm (7, is the current without discharge, 7, the current 
during discharge). This was compared with the attentuation constant, «, calcu- 
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lated from Udelson’s data and Margenau’s theory; the ratio «/x’ was found to be 
+ 0-09) for different discharge currents and hydrogen 


‘ 


approximately constant (1-3 
pressures; the mean value of the effective path Jer; was therefore 0-73 cm. 


Results : ; Beatie 
(a) Experiments in air 


The experiments in air were performed with two different lengths of the channel 
in the shock tube (65 and 80cm); the initial pressure of air in the channel being 
varied between | and 3mm Hg in order to obtain different Mach numbers, 
Hydrogen from a commercial container at pressures between 80 and 120atm. 
was the driver gas. The shock Mach numbers obtained ranged from 8-2 to 10-4, 
The frequency of the microwaves employed was 10,000 Me/sec. 


Real Imaginary 
part of part of 
Collision Electron electrical electrical Dielectric Attenuation 
Mach frequency lensity conductivity conductivity coeff. coeff, 
number (see7!) (em-8) (c.g.s.) (e.g.s.) (c.g.s.) (db/em) 
8 5-5 x 10° 13x10! 6-75x 108 5:1 x 10? 0:99 0-012 
8-4 6. 2-25 130x107 8-75 0-98 0-024 
8-9 7-35 4-7 3-20 183x108 0-96 0-059 
9-5 8-8 11x10" 98-70 4-2 0:92 0:17 
9-8 9-75 1:7 1-50 x 108 6:4 0-87 0:29 
10-15 L-E x 10 2-8 2°65 1-05 x 10° 0-79 0-55 
10-4 1-15 4:0 4:00 1-45 0:70 0:87 
1] 1-25 9-5 1-00 x 109 3° 0-24 3°50 


TABLE 1. Data on high-frequency (10,000 Me/sec) electric properties of shock-heated air. 
Initial pressure: 1 mm Hg. Initial temperature: 293 °K. 


The theoretical attenuation coefficient, «, for an initial pressure of 1 mm Hg 
and an initial temperature of 293°K, was calculated for a shock Mach range 
8-11 from equations (1), (2) and (3). The data required for the computations 
(electron density, composition, density and temperature of the shock-heated air 
und electron diffusion cross-sections) were all taken from Lamb & Lin (1957). The 
results are tabulated in Table 1, which includes the attenuation coefficient, «, in 
db/em, the real and imaginary parts of the complex conductivity, 7, and o;, and 
the dielectric coefficient, ¢ (all in c.g.s. units). 

Table 2, in which the experimental results are presented, includes the measured 
Mach number, V7; the ratio of the microwave output before passage of the shock 
wave, \, to the output at maximum attenuation, V,; the attenuation coefficient. 
x, which is obtained from V/V, by means of equation (6); the initial air pressure, 
p,, and the time, 7, between ionization onset and the moment when its maximum 


value is reached. 


In addition, a normalized coefficient of attenuation, for an initial pressure of 


| mm Hg, has been calculated in order to make comparison possible with the data 
of Table 1. Normalization was achieved by dividing the experimental attenuation 
coefficient by the square of the initial pressure. For the low conductivity values 
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obtained in these experiments one may use equation (la) and the asymptotic 
form of equation (2), getting for « the relation: 


_lb6j7ePNy 


(8) 


o - —, 
a mw* 


Use of this approximation, instead of the exact equations (1), (2) and (3), intro- 
duces for M = 10-4, the maximum experimental value, an error less than 0-5 %,. 
Equation (8) shows that « is proportional to the product N,y and both these 


quantities increase linearly with the initial pressure p,. 


Normalized 


Initial Attenuation [onization atten. 
Mach Output pressure coefficient time coeff. 
number ratio (mm Hg) (db/em) (psec) (db/em) 
8-2 1:025 2:9 0-15 10 0-018 
8-45 1-03 2-5 0-175 1] 0-028 
8-5 1-065 3 0-38 Y 0-042 
8-9 1-045 2 0-26 9 0-065 
9-1 1-035 1-5 0-205 8 0-091 
9-2 1-075 1-8 0-45 9 0-14 
9-3 1-04 1-4 0:25 12 0-13 
9-5 1-065 1-4 0:38 9 0-19 
9-5 1-05 1-2 0-29 10 0-20 
9-5 1-05 1-2 0-29 10 0-20 
9-5 1-11 1-6 0:62 8 0-24 
9-8 1-085 ]-2 0-48 3 0-34 
9-8 1-06 1-0 0-35 8 0°35 
9-8 1-075 1-1 0-45 7 0-35 
9-8 1-095 ]-2 0°54 8 0-37 
9-8 1-10 1-2 0-565 9 0-39 
9-8 1-12 1-3 0:67 8 0-40 
9-8 oo 1-2 0-62 10 0:43 
10-0 1-11 1-] 0-62 10 0-51 
10-4 1-175 1-0 0-96 10 0-96 
TABLE 2. Results of experiments in air. 


A comparison between the calculated attenuation coefficient and the experi- 
mental results is given in figure 3. The agreement is seen to be good; the slight 
tendency to higher values shown by the experiments may be explained by 
assuming that the effective path Jes; is somewhat longer than the one used. No 
difference was observed between results obtained with different lengths of the 
channel in the shock tube. This is to be expected, since the duration of the uniform 
flow is longer than the ionization time in all experiments (the shortest duration of 
uniform flow was 14sec, while the largest ionization time measured reached only 
12sec). This fact shows that thermodynamic equilibrium has indeed been 
reached in the heated air. (Experiments performed in argon, where the ioniza- 
tion time is known to be longer than the duration of uniform flow in our tube 
(Petschek & Byron 1957), showed indeed larger attenuation for a longer shock 


tube.) 
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The time elapsed between ionization onset and the attainment of its maximum 
value (where thermodynamic equilibrium is reached) varies between 7 and 
12 sec.* The product of this ionization time, 7, by the initial pressure, p,, is 
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plotted as function of Mach number, J, in figure 4, where the results of Niblett & 
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FIGURE 3. Attenuation coefficient 
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for air in db/em vs Mach number. 


Initial pressure 


1mm Hg, initial temperature 293 °K. The theoretical curve is shown as the heavy line. 


, Short shock tube; @, long shock tube. 
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Mach number 


, Niblett & Blackman; @ present work. 


Experimental values of ionization time in air vs Mach number. 


[t might be objected that the ionization time cannot be measured with any accuracy 


with a microwave waveguide whose cross-section is of the order of 1 in. x 4 in. We there- 


fore performed several experiments with a specially constructed waveguide with cross- 


section 1 in. x 0-1 in. The results were approximately the same. 
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Blackman (1958) for higher Mach range are also reproduced. Our experimental 
points give an extension of their results and their scatter is of the same order of 
magnitude. 

The good agreement obtained for the electron density between experiment and 
theory confirms the fact that the principal contribution to ionization in air in the 
shock Mach range 8-10-5, corresponding to equilibrium temperatures of 2800- 
3500 °K, is due to nitric oxide, NO, whose ionization potential is the lowest of all 
abundant species. The same conclusion was reached by Lamb & Lin (1957) for the 
shock Mach range 11-17. 

The short ionization times measured agree with the hypothesis put forward by 
Glick, Klein & Squire (1957) that nitric oxide is formed by reaction of atomic 
oxygen with molecular nitrogen, since the relaxation times involved are all very 
short. 


(6) Experiments in nitrogen 
The nitrogen used in our experiments was obtained from commercial containers 
of low purity (containing 2 % of oxygen); the gas was purified by passing through 
a column of heated colloidal copper and its oxygen content reduced to about 
0-2 %. At the pressure of 10 mm Hg used, the impurity level (air) due to leaks was 
)-2 %. The total oxygen content of the gas was, therefore, of the order of 0-25 
The driver gas was again hydrogen at pressures between 80 and 140atm. The 
shock Mach numbers obtained ranged from 7:45 to 8-8. 

The theoretical attenuation coefficient, «, for an initial pressure of 10mm Hg 
and an initial temperature of 300 °K has been calculated for a shock Mach range 
of 7-4-9, according to equations (1), (2) and (3). 

The temperature and density of the shocked gas as a function of Mach 
number were taken from Waldron (1958). Although his data were computed for 
pure nitrogen, a numerical check showed that the inclusion of 0-25 °% O, changed 
the results by less than 0-5 °% and this could be neglected at the accuracy level 
used in the computations. The composition of the gas was calculated from the 
chemical equilibrium, conservation of matter, and conservation of charge equa- 
tions. Details of the computational method are given in the Appendix. Data on 
the electron diffusion cross-sections were taken again from Lamb & Lin (1957). 
Results of the calculations are tabulated in table 3. 

Theoretical computations of the equilibrium composition for pure N, in the 
same temperature range were aiso performed. They show that the addition of a 
small amount of O, causes a very marked increased in the electron density, N,. 
For pure nitrogen N, is 4:75 x 10®°cm-% at M = 7-4, while the value for the mixture 
containing 0-25 % O, is 1:45 x 10"; the figures for M = 9 are 1-65 x 10! and 
1-05 x 10!*, respectively. It appears, therefore, that the dominating factor in the 
ionization process in the mixture is nitric oxide, NO, whose ionization potential, 
9-25 eV, is the lowest of all species present. 

The experimental results are gathered in table 4, which includes the measured 
Mach number, the ratio of microwave outputs and the coefficient of attenuation. 

Figure 5 shows comparison between the experimental data and the calculated 
values. The agreement is fair. The fact that some of the experimental values are 
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somewhat higher than the theoretical curve may be caused by some slight 
increase in the oxygen content of the gas, possibly due to poor purification by the 


copper column. 


Real Imaginary 
part of part of 
Collision Electron electrical electrical Dielectric Attenuation 
Mach frequency density conductivity conductivity coeff. coeff. 
number (sec~') (em-3 (c.g.s.) (¢.g.s.) (c.g.s.) (db/em) 

7:4 4-35 x 101° 1:45x 10! 2-80x 10? 2-95 x 10? 0-994 0:05 
7°9 4-9 7°20 1-35 x 108 1-25 x 108 0-975 0-25 
8-2 5-25 1-65 x 10" 3-05 2-60 0-948 0-57 
8°35 o°45 2-45 4-55 3°95 0-921 0-86 
SS 59 6-85 1-25 x 109 1:0 x 109 0-798 2-57 
i) 6-2 1-05 x 10! 1-95 1-30 0-742 4-14 


aBLE 3. Data on high-frequency (20,000 Me/sec) electrical properties of shock-heated 
nitrogen, containing 0-25°, O,. Initial pressure: 10 mm Hg. Initial temp.: 300 °K. 


Attenuation 


Mach Output coefficient 
number ratio (db/em) 
7:45 1-01 0:06 
7°95 L-O7 0-40 
8: 1-075 0-43 
8-15 1-08 0-46 
8:25 1-15 0-83 
8:35 1-16 0-89 
S35 1-17 0-94 
8:4 1-19 1-03 
3-4 1-20 1-09 
8-4 1-22 1-19 
8-45 1-22 1-19 
S-4 1-25 1-23 
8:45 1-27 1-42 
8-55 1-32 1-65 
8°55 1-32 1-65 
8:6 1-34 1-75 
8-6 1-39 96 
S65 1-43 2°13 
8°65 1-43 2°13 
S35 1-54 2°57 
S:S 1-58 2-67 

{ vesults xperiments in nitroger 
he maximum electron density, calculated from the experimental data. was 


eached in about 15 usec. a somewhat longer time than in air. probably due to the 


wer OX ven Content 
\ rough estimate of the dissociative recombination coefficient of nitric oxide 
un be obtained from the experimental ionization rate and the general principle 
letailed balancing. This calculation is in order of magnitude agreement with 


' ¥ Te , . ee 
ecombination coefficients of typical diatomic molecular ions (Loeb 1955). 
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FicurRE 5. Attenuation coefficient for nitrogen with 0-25 % oxygen. 
Initial temperature: 300 °K. Initial pressure: 10 mm Hg. 


Discussion 

The attenuation range in which this method can be used most efficiently, 
giving results comparable in their precision to other techniques, is between 0-1 
and 10db. For attenuation smaller than 0-1 db special precautions for stabilizing 
the klystron’s output are required, since otherwise the high amplification 
required will result in unfavourable signal-to-noise ratio. 

This attentuation range covers a variety of conditions of the gas under test, 
in which a number of parameters can be varied: 

(a) The microwave path in the ionizing medium, which determines the value 
of the attenuation coefficient, may be varied between wide limits by appropriate 
planning of the apparatus and therefore p,7 may be measured for large and small 
values. 

(b) The microwave frequency may be varied from millimetre to 10cm waves, 
and therefore NV, can be measured for values between 10!° and 10!‘ electrons per 
em (this includes high Mach numbers for small gas pressures). It would at any 
rate be best to perform such measurements at a number of frequencies. In this 
case one could obtain the collision frequency, as well as the electron density from 
the experimental data. 

(c) Shock strength and initial pressure. 

A wide range of temperatures and pressures in different gases may therefore be 
covered; in particular, relatively low Mach numbers, where other known methods 
give unsatisfactory results, may be studied. 


Appendix 
Composition calculations for nitrogen, containing 0-25 %, oxygen 
Our problem is to calculate the equilibrium composition of a gas mixture. 


aK oO 


containing initially 99-75 °% N, and 0-25 % O, at a pressure of 10mm Hg and a 
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temperature of 300°K, for shock Mach numbers 7-4-9. Assuming only single 
ionization occurs, the reactions involved are: 


N, = 2N+9-7592 eV/molecule Dissociation of N, 
O, = 20+. 5-1155 eV/molecule Dissociation of O, 
$N,+ 40, = NO+0-9313 eV/molecule Formation of NO 
N, = Ny +e— 4+ 15-58 eV/molecule Ionization of N, 
N = N++e~+ 14-5482 eV/molecule [onization of N 
O, = OF +e~ + 12-05 eV/molecule [onization of O, 
)= Ot +e— + 13-6173 eV/molecule [onization of O 
NO = NO*++e~—+9-25 eV/molecule lonization of NO 


From these we derive the following system of eleven simultaneous algebraic 
equations (concentrations of the various species, in terms of number of particles 
per original gas mixture molecule, are indicated by square brackets): 








(a) (Nz]+ ${NO]+$[N] = 09975 (g) K, = [N+]. [e-J/[N] 

(b) [04] + 3[NO]+${0] = 0-0025 (i) Ky = (OF ]-[e-/[0a1 

(c) Ky = [NF/INY] (i) K, = [0] fe-YfO] 

(d) Ky =[OF/[0,] (j) Ky +].[e-J/[NO} 

(c) Ky = [NO}/(IN,].[0,)}! (i) (NE]+ [N44 [OF] + [04] +[NO* = [e 7 


(f) Ay = [Ne ]-le-J/LNg] 


(a) and (b) are conservation of matter equations, (c) to (j) chemical equilibrium 
equations, and (k) is the conservation of charge. The K,, are equilibrium con- 
stants, given in terms of concentrations and may be calculated according to the 
following relation (Gilmore 1955): 

mM FE? 
ae) 


E) 
er gr 
where An is an integer, indicating the change in the number of particles in the 
reaction, AH} the energy of reaction at 0 °K, A( F° — £3) the change in the standard 
free energy caused by the reaction, R the universal gas constant, p, and 7) standard 


\ An 
Pol as 
a ie ie 





reference density and temperature (1 atm. and 0°C). 

Since we showed that it is permissible to employ Waldron’s (1958) data for the 
temperature and density of the shocked gas, p and 77, it is possible to calculate all 
equilibrium constants using free energy and reaction energy data tabulated by 
Gilmore (1955).* These computations were performed for six values of M in the 
range of interest. 

One can now solve the equation system (a)—(k), but its non-linearity makes this 
a rather laborious task. Preliminary calculations indicate that the degree of 
ionization is small (less than 10~6) and it is therefore permissible to perform the 
calculations in two steps. In the first step ionization is neglected and a system 
consisting of equations (a)—(e) is solved by an iterative method. In the second 


* For N and N, more detailed tables by Woolley (1956) were used. 
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step we are interested in finding the electron density N,; for this purpose we need 
only to know the electron concentration [e~]. From equations (f)—(k) we obtain: 


[e-] = (A,AIN,]+ A;[N] + Ae[O02] + A;[O] + Ag[NO)). (Al) 


An order of magnitude check of the equilibrium constants and concentrations 
involved shows that in the range of interest all terms of the sum under the square 
root in equation (A1) can be neglected in comparision with K,[NO]. This is a 
consequence of the fact that the ionization potential of nitric oxide is much lower 
than that of the other components. 

Results of the computations, including concentrations of all non-ionized 
particles and electron concentration and number density are tabulated in table 5. 


Mach 

number [N,] [N] [NO] [O.] [O} [e7] N, (em-3) 
7:4 0:9964 1:4x10° 23x10 3:2x10-4 2-1x10°% 69x10-° 1-45 101° 
7:9 0:9966 7-7 1-75 1-2 3°05 3-3x 10-8 7-20 
8-2 0:9967 3:95x 10-4 1:35 5-8x10 3-5 7:3 1-65 x 104 
8:35 0:9967 3-15 1-2 4-] 3°65 1-1x10-7 2-45 
8-8 0:9966 1:05x10° 8:3x10-4 1-6 4:15 2-95 6-85 
9 0:9964 1-75 6-8 1-0 4:3 4-5 1-05 x 10” 


TABLE 5. Gas composition and electron density for nitrogen with 0-25° oxygen in shock 
Mach range 7-4-9. Initial pressure: 10 mm Hg. Initial temperature: 300 °K. 
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The stability of viscous flow between rotating concentric 
cylinders with a pressure gradient acting 
round the cylinders 


By R. C. DIPRIMA 


Department of Mathematics, Rensselaer Polytechnic Institute, Troy, New York 
(Received 6 February 1959) 


The stability of a viscous fluid between concentric cylinders is analysed, for the 
case in which the basic velocity distribution is the sum of a velocity distribution 
due to the rotation of the cylinders (Taylor 1923), and a ‘pumping’ velocity 
distribution due to a pressure gradient acting round the cylinders (Dean 1928). 
The critical Taylor number is computed for a wide range of values of the ratio 
of average velocity of pumping to average velocity of rotation for the case in 
which the outer cylinder is stationary. It is assumed that the spacing between 
the cylinders is small. 


1. Introduction 
The stability of a viscous flow between two concentric rotating cylinders was first 
considered experimentally and theoretically by Taylor (1923). Using the assump- 
tion that the spacing between the cylinders is small compared to the mean radius, he 
obtained a criterion for the onset of a secondary motion with a cellular form which 
was verified by his experiments. The eigenvalue problem which arises in this 
analysis is of considerable interest, and has been discussed by several authors, 
including Pellew & Southwell (1940), Chandrasekhar (1954a@) and DiPrima (1955). 
A similar type of instability occurs when a viscous fluid flowsin a curved channel 
under a pressure gradient acting round the channel. This problem was first 
considered by Dean (1928), for the case in which the annulus is thin compared 
to the mean radius. The resulting eigenvalue problem has also been studied by 
Reid (1958) and Himmerlin (1958). Their results verify those of Dean (1928). 
In a number of engineering applications, stability problems of the type just 
described are of considerable interest. One such problem, which has been con- 
sidered recently by Brewster & Nissan (1958) and Brewster, Grosberg & Nissan 
(1959), is that of the stability of a viscous fluid between concentric cylinders when 
the inner cylinder is rotating (the Taylor problem) and at the same time the fluid 
is being pumped round the annulus (the Dean problem). The pumping may be 
in the direction of the rotation or opposed to it. The theoretical conclusions of 
Brewster et al. (1959) are based on the use of the necessary condition for in- 
stability that the square of the circulation should decrease outwards from the 
inner cylinder. The eigenvalue problem is explicitly solved only in the case when 
the average velocity of rotation is equal to, but opposite in direction to, the 
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average velocity of pumping. In general their conclusions are supported by 
their experimental results. 

In this paper the stability problem for the above type of velocity distribution 
is formulated. In the case when the spacing between the cylinders is small com- 
pared to the mean radius, the eigenvalue problem is solved by the methods first 
suggested by Chandrasekhar (1954a). Numerical results for the critical value of 
the parameter governing stability are given for a wide range of ratios of average 
velocity of pumping to average velocity of rotation. The results are in good 
agreement with the experimental data of Brewster et al. (1959). 


2. The disturbance equations 
Let (r,9,z) be cylindrical co-ordinates, with the z axis coinciding with the 
axis of the cylinders, and let R,, R,, Q, and Q, denote the radii and angular 
velocities of the inner and outer cylinders, respectively. If w,, ws, and wu, denote 
the components of velocity in the increasing r, # and z direction and p denotes 
the pressure, the Navier-Stokes equations admit a steady solution of the form 
; Op, 
u,=uU,=0, t= V(r), oP = fir). (1) 
2 ila 
Now superimpose on this steady motion a small disturbance of a form such 
that the 0-component of velocity is 
(r,0,z,t) = V(r)+v(r) cos Aze”. (2) 


Ug 


The motion will be stable if the real part of o is less than zero, and unstable if 
it is greater than zero. It can be anticipated, from similar problems and the 
experimental results, that for the problem studied here the secondary motion 
will be of a stationary cellular nature. Hence, we shall only consider the marginal 
state o = 0. In this case the linearized equations for the disturbance velocities are 


(L—2yPu = i Vi(r)v, | 
' (3) 

PS: Aes | 

(L—A*)v = “(= +) ms 


where w is the disturbance velocity in the r direction, v is the kinematic viscosity, 
and j d2 rf id 1 
dre ¢ dr rr? 

In the case that d = R,— RF, is small compared with 3(R,+ R,), the operator 
L can be replaced by d?/dr?, and V/r and dV /dr+ V/r can be approximated by 


eer d? op,. 
ee Boe) gee —k)x! eae ‘ -(y2—4 
V(r)/1 Ql (1 hts +5 Re C8 x v), (4) 
dv Vv d op 
oak ae Ga ee 5 
dr " r aR, 00 ' sition. (5) 


where k = Q,/Q,, r = R,+dx, A = Q,{1—(kR3/R})}/{1 — (R3/R7)}, and yp is the 
viscosity. These approximations are correct up to terms O(d/f,). The first term 
on the right of equation (4) represents the velocity profile due to the rotation of 
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the cylinders, and the second term represents the velocity profile due to pumping, 
Using equations (4) and (5), the system of differential equations (3) becomes 





(D?—a*)?u = {1-—(1—k) x—-Q(2?—-2z)} v, (6) 
2_@)y—— ar! @ 2x —1)| : 
(D?—a?)v =—-a P+ [acer 7 (7) 
where wu has been redefined as (v/2a?Q,d?)u and 
»,d4 ‘ 
D = a ond, T= — , Q=3(1+hk) 4, 
ax v Vp (3) 
: l+k . d2 dp ‘ 
» = R,0,——, Vp=-sa s: 
re = 2 Mi 12uk, 00 | 


The quantities V;, and Vp are the average velocities due to rotation and pumping, 
respectively. The parameter, 7', is commonly referred to as the Taylor number, 
The requirement of no slip at the boundaries gives the boundary conditions 

a=v=Du=0 (9) 
at « = Oand x = 1. 

The system of equations (6) and (7), together with the boundary conditions, 
determine an eigenvalue problem for 7’ as a function of k, R,/R,, Q and a. For 
fixed values of k, R,/R,, and Q, the minimum value of 7’ with respect to a deter- 
mines the critical value, 7, at which instability will first set in. Notice that when 


the pumping is zero, i.e. Y = 0, equations (6) and (7) reduce to the Taylor prob- 


lem as treated by Chandrasekhar (19546). In order to obtain the problem of 


a viscous flow in a curved channel under a pressure gradient acting round the 
channel, i.e. Q > ©, it is necessary to redefine w as u/Q, and then let Q > «, 
noting that the combination 7'Q? is 72(Vpd/v)?/(d/R,). 

The determination of 7), for the general case is a four parameter problem, and 
would require a considerable number of computations. We shall now restrict 
ourselves to the physically interesting case (see Brewster & Nissan (1958) or 
Brewster et al. (1959)) when the outer cylinder is at rest. 


3. The outer cylinder at rest 


In this case / = 0 and equations (6) and (7) reduce to 
(D?—a?)?u = {l1—a#—Q(x?—2) 0, (10) 
(D?—a?)v = —Ta*{1+Q(2x—1)}u. (11) 
Thus 7’ is now defined as a function of a and @ = 3V>p/V,; and for fixed values of Q 
the minimum value of 7’ with respect to a gives the critical Taylor number, 7, 
at which instability will occur. 

The method that was used in obtaining approximate values of 7, and a, is 
completely analogous to that used by Chandrasekhar (1954a) in treating similar 
problems. The function v(x) is expanded in a set of complete functions satisfying 
v(0) = v(1) = 0. In this case 


v(x) = > A,, sin maz, (12) 
m=1 


and with this expansion for v(x), equation (10) is solved for u(x). 
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The four constants of integration that appear in the solution are determined 
by the conditions « = Du = 0 at x = 0 and 1. The functions u and v are then 
substituted in equation (11), the result is multiplied by sin n7x, n = 1, 2,... and 
integrated from 0 to 1. This leads to infinitely many equations for the A,,. If all 
of the A,,, are not to vanish identically the determinant of the coefficients must be 
zero, and this gives a relation between 7’, a and Q. The details of the analysis, 
while straightforward, are quite lengthy and are given in the Appendix. 


Q a=daAd Tia N Ty / tN 
30 3°76 0-085 3 0-982 
2) 3°70 0-155 —- 0-984 
15 3-60 0-266 —- 0-987 
10 3°45 0:474 _- 0-992 
6 3:30 0-866 - 0-996 
3 3°14 1-54 . 1-006 
1-0 3°13 2-53 1-006 
0-50 3°13 2:96 -- 1-005 
0 3°12 3°53 - 1-004 
— 0:50 3°17 4-35 _ 1-002 
— 10 3°24 5:64 - 0:9997 
— 15 3°40 7:97 0-9992 
— 2-0 3°80 13-1 1-02 
— 2:5 5:0 24-7 4 1-002 
— 2°75 5°73 33:1 . 1-016 
— 3-00 6:35 42-6 -- 1-045 
— 3-25 7-05 53-7 - 1-094 
— 3-50 7:4 66:4 -— 1-109 
— 3:75 5:8 64:5 0-949 
— 4-00 5:5 47°8 ~ 0-969 
— 4-50 5:37 29°] a 0-981 
— 5:00 5-20 19-0 0-987 
— 6:00 5:00 10-0 — 0-995 
— 8-00 4:70 4-00 3 1-02 
— 10-00 4-55 2-10 - 1-01 
— 15-00 4:35 0-720 - 0-984 


TABLE 1. Critical Taylor Numbers and corresponding values of a for assigned values of Q. 
(N = number of terms used in approximation) 


The numerical results for 7, and a, for a range of values of Q from — 15 to 30, 
i.e. Vp/Vp ranges from —5 to 10, are tabulated in table 1, and shown graphically 
‘n figures 1 and 2. It is clear from table 1 that for most values of Q a three-term 
approximation gives satisfactory results; however, for the range —8 < Q < —2 
it was necessary to use another term in the approximation. 

For Q = 0 the values of 7’, and a, are in agreement with those of Chandrasekhar 
(1954). When the average velocities of pumping and rotation are equal but in 
opposite directions, i.e. Q@ = —3, the values of 7,/7® = 42-6, and a, = 6-35 may 
be compared with the values 40-7 and 5-7* found by Brewster et al. (1959) using 
a six-term approximation and following the methods of Dean (1928). It is 
impossible to compare the present results with the results for zero rotation; 

* In part, the poor agreement for a, probably follows from the fact that, in the neighbour- 
hood of the minimum value, 7 is very insensitive to changes in a and hence an accurate 
determination of a, is quite difficult. 
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however, as Q > +00 it appears from figure 2 that a, is approaching a value of 
about 4, and Reid (1958) gives a, = 3-96 for this case. 

The experimental results* given by Brewster et al. (1959) have been used to 
compute values of 7./7° which are shown in figure 1. As can be seen the experi- 
mental points are in good agreement with the theoretical curve obtained here. 
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FiGuRE 1. The variation of the critical Taylor number, T,, as a function of Q = 3Vp/Vp. 
Values of 7’, computed from the experimental data of Brewster et al. (1959) are also 
shown. O, experimental points, Brewster et al. (1959). 
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* The experiments were run with a glycerine solution as the fluid. The value of ?, was 
15-6em and the value of d was 0-858 em, which was determined by making the experimental 
results agree with the theoretical results of Taylor for Q = 0. Some experiments were also 
run with a water-dye solution for the range of value of —5 < Q < —3, but there was diffi- 
culty in making accurate observations in this case and the scatter of the results was quite 
large. However, in a private communication, Dr Grosberg of the University of Leeds has 
informed the author that the average values of the latter results do show good agreement 


with the theoretical curve given in figure I. 
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Finally, for an assigned ratio of V,/V,,, the curve shown in figure 1 may be used 
to compute the critical value of V, at which instability will occur. Also, for given 
values of Vp or Vz the corresponding ranges of V; and Vp for which the flow is 
stable may be computed. It should be noted that in the neighbourhood of 
Vp/Vz = — 1 the value of 7, is quite large. This means that as long as the average 
velocities of pumping and rotation are nearly equal and opposite in sign, and 
hence tend to annul each other on the average, they may be quite large in magni- 
tude before instability will occur. 


The results presented in this paper were obtained in the course of research 
sponsored by the Mechanics Branch of the Office of Naval Research, Washington. 
The author would like to express his appreciation to Prof. A. H. Nissan for 
suggesting this problem and for his continued interest throughout the course of 
the analysis. Thanks are also due to Mr Burt Liebowitz who carried out the 
rather lengthy numerical computations. 


Appendix 
The solution of equation (10), corresponding to the expansion of v(x) given in 
equation (12), that satisfies the boundary conditions uv = Du = Oat x = Oand Lis 


we f 
uz) = > op ts {A cosh ax + BY sinh ax + AY” x cosh ax + BY” x sinh ax 
mai (°71* + a*)° 
+[1+f,,—(1-—@Q) x— Qx?] sin mmx — e,,|(1 — Q) + 2Qx] cos m7z}, 
4(a? — 5m?n?) 4mn 
where Im = na? “Cra 


(m?7? + a?) mn? + a>’ 


Am = (1-Q) ep, 


NTT 
mm) __ f es ' : > Pe ‘ 
Be = A em + (sinha +acosha) /,,— (sinha) y,,}, 
MT -, . j ‘ . 
Ay” = ———{(sinha)*?,, + (asinha +acosha) f,,—(asinha) yj}, 


v7T 


n ; oe 
Ba” = A f(sinh a cosh a—a) z,, + (a? sinha) £,, —(acosha—sinha) y,,}; 


nm 


and tn =14+QF,, Pm = —G,,(- 1" (1+ @) + (1—@) cosh a}, 
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y,, = (- 1)” QF, -—(1-—@Q) (asinha)G,,, A = sinh?a—a’, 


‘ 


12 (71° — a~) 4 
where fi ——-—, G,, 


(m2?7r? + a’) mn + a" 


Substituting for w and v in equation (11) multiplying the result by sin x72, 


n= 1,2,..., and integrating from 0 to | gives the following system of equations: 


0 (n*7* + a?)3) 

é gues ‘ a = ; 

NS Kan (4: 2) -— Fm — A,=0 (m= 1,%,..-), 
eo 2027 fee 
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where A, = A,,/(m?7?+a?), 6,,,, = Oif n + mand = lif n = m, and the lengthy 
(a, Q) is given by 
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An experimental investigation of the stability 
of plane shock waves 


By K. C. LAPWORTH 


Department of the Mechanics of Fluids, University of Manchester 
(Received 12 February 1959) 


The stability of plane shock waves was measured in a shock tube by perturbing 
the primary shock wave, formed on rupturing the diaphragm, by means of thin 
wedges. A time-record of the shape of the shock wave after it passed the wedges 
and travelled along a channel of constant cross-section was obtained by Schlieren 
photography. Analysis of the photographs enabled the rate at which the shock 
wave recovered its plane shape to be determined and this, together with the 
detailed shape of the wave at various instants, was compared with the first-order 
theory of Freeman (although all the conditions assumed in the theory could not 
be faithfully reproduced in the experiments). 

For shock-wave Mach numbers of 1-165, 1-41 and 1-60, the time-rate of decay 
of the perturbations was found to agree quite well with the theoretical value, but 
the amplitudes of the perturbations were much larger than those given by the 
theory. 

The experiments failed to give reliable information about the decay of the 
perturbations after a large time, owing, it is believed, to flow separation from the 
sharp corners of the wedges which constituted an additional source of disturbance 
to the shock waves. 


1. Introduction 

When a propagating shock wave enters a diverging, converging or parallel 
channel, it is observed, under certain conditions, that the shock always meets the 
channel walls perpendicularly and tends to a state of uniform curvature. Thus, on 
entering a converging or diverging channel the shock tends to cylindrical form, 
and on entering a parallel channel it tends to plane form. 

Perry & Kantrowitz (1951) have noticed that as a shock wave goes from a 
parallel channel to a converging channel it becomes adjusted to the new conditions 
very rapidly and passes from plane to cylindrical form in a very short distance. 
It is also commonly observed that the shock wave produced by bursting the 
diaphragm in a shock tube attains a plane form after travelling only a few shock- 
tube diameters, yet it is far from plane when first formed after rupture of the 
diaphragm. The phenomenon of equalization of curvature along a propagating 
shock wave has been termed ‘shock-wave stability ’. The experiments described 
in this paper were designed to measure the stability of an initially plane shock 
wave and to compare it with the theoretical predictions of Freeman (1957). 
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A qualitative explanation of shock-wave stability may be given by considering 
what oceurs when a plane shock propagating along a parallel channel encounters 
a disturbance on one wall of the channel. For simplicity suppose that the distur- 
bance is a symmetrical wedge (figure la). As the shock meets the face AB. a 
cylindrical compression pulse is formed, and the part of the shock between the 
junction of the pulse and the face AB of the wedge is diffracted. This part of the 
shock is curved and meets 48 perpendicularly. For this pattern to be formed the 
wedge angle J must not exceed a certain value which depends on the strength of 
the incident shock wave. It will be assumed that 6 is always small enough to give 
rise to the pattern shown in figure 1a. This pattern grows uniformly in time. The 
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Ficure 1. Illustration of shock-wave stability. 


diffracted portion of the shock eventually reaches the apex B of the wedge. The 
shock is there further diffracted, and an expansion pulse is formed as shown 
in figure 1b. Finally the shock reaches the corner C of the wedge, and another 
compression pulse is formed, the shock again being diffracted. Each superimposed 
shock diffraction pattern grows uniformly with time; therefore the curvature at 
each point of the diffracted part of the shock must decrease with time. The effect 
of reflexion of the pulses at the channel walls is taken into account by introducing 
images of the wedge in the walls. Thus, the shape of the shock propagating along the 
uniform part of the channel is a combination of superimposed diffraction patterns. 
However, each separate pattern becomes flatter as the shock propagates and the 
shock becomes plane. Although only a simple disturbance has been considered, 
the argument is readily extended to the case of a more complex disturbance. 
The phenomenon of shock-wave stability has been treated theoretically by 
Freeman (1957). He considered a plane shock wave propagating along a parallel 
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channel and meeting symmetrical wedges, one on either wall of the channel 
(figure 2). 
The problem is linearized on the assumption of small 6; and, using the results 


of Lighthill’s theory of shock-wave diffraction (1949), the following relation 
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FIGURE 2. The problem treated by Freeman (1957). 
between &, the perturbation of the shock wave from plane at any point, and the 
co-ordinates (€, 7) as in figure 2 is obtained for ¢/b > 


& ¢« @ fm ay hy (7 (a hi, . 
S_ : >, 
b~ lee att ie +n)\+Fip y* i)}I ") 
a oe mla,k, n(. ma,k, . 
where F(a) = —E (2+% 7 )- B{a— OU ), (2) 
E(p) = " (—1)" = np 5 (—3/7 se mp (3) 
n=1 n> n=] m2 
_ (6(M2-1)]3 
* Eos | 


Here (2 is a function of JZ, (the Mach number of the undisturbed shock wave with 
respect to the velocity of sound ahead of it) and has been given previously by 
Freeman. Also, a, is the velocity of sound behind the shock wave. 

The functions F in (1) represent two waves travelling in opposite directions 
along the shock wave. These waves are due to the disturbances arising from the 
upper and lower wedges and their respective images. 

In connexion with this problem, another effect must be considered. Suppose 
that the shock travels from the position AA’ to BB’ (figure 2) in the same time 
that it takes the junction between the cylindrical compression pulse and the 
shock wave to travel along the shock a distance equal to the channel width. Then, 
neglecting the depth of the wedges, when the shock reaches the position 6b’ the 
compressions arising at A and A’ will just reach B’ and B respectively and will 
coincide with the expansion pulses arising at the apices of the wedges. Similarly, 
when the shock reaches the position CC’ the compression and expansion pulses 
already formed will coincide with the further compression pulses arising at C and 

According to the linearized theory, the strength of each compression pulse is 
proportional to d and the strength of each expansion pulse is proportional to 20. 
Thus, for €/b > 1 where the compression and expansion pulses tend to coincide 
over their whole fronts, the compressions will be annulled by the expansions, and 
therefore € = 0. 
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It can readily be shown that, for this condition of cancellation to hold, 
(a, k,/U) (l/b) = 2n, where n is an integer. In fact, the expression for € given by 
(1) is the leading term of an asymptotic expansion, provided that the above con- 
dition of cancellation does not hold. When the above condition does hold, the 
next highest term in the expansion becomes of greatest importance, in which case 
the decay of the perturbations would be more rapid than indicated by (1). 

On the other hand, if the shock travels from AA’ to CC’ in the same time as the 
junction between the first cylindrical compression pulse and the shock wave takes 
to travel the width of the channel, then the compression pulses arising at A and A’ 
tend to reinforce those arising at C’ and C respectively. In this case, the distor- 
tions of the shock wave due to the two wedges are superimposed to give a larger 
distortion. The condition for this reinforcement to occur is (4, k,/U) (1/b) = 2n +1. 


2. Apparatus and experimental procedure 

The phenomenon of shock-wave stability was investigated by allowing plane 
shock waves produced in a shock tube to travel along a parallel channel with 
symmetrical wedges on each wall as in figure 2. By taking schlieren photographs 
of different shock waves, all of the same—or very nearly the same—strength, at 
various values of ¢, the time-history of the passage of a particular shock through 
the channel could be deduced. 


(i) The shock tube and instrumentation 
The shock tube used is shown diagrammatically in figure 3. The internal dimen- 
sions of the cross-section were 5-875in. by 1-500in. Air was used in the tube. The 
high-pressure section of the tube was left open to the atmosphere and the low- 
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FiGuRE 3. Dimensions of shock tube. 


pressure section was brought to the desired pressure by a rotary pump. The high- 
and low-pressure sections were separated by a cellophane diaphragm 0-0015 in. 
thick. On bursting the diaphragm, a shock wave propagates into the low-pressure 
section of the tube. 

The velocity of the shock wave was found by measuring the time taken by the 
shock to travel between two stations 1 ft. apart. Each timing station consisted of 
a small schlieren system with a beam of light across the tube restricted by a narrow 
vertical slit. The beam, after being focused on a knife-edge, was incident on a 
photomultiplier. Each small schlieren system was so adjusted that the passage 
of the shock wave caused light to be deflected off the knife-edge on to the photo- 
multiplier. The resulting signal from the first timing station started an electronic 
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binary counter registering microseconds, and the signal from the second station 
stopped the counter. The velocity of the shock wave was then readily deduced. 

The signal from the second timing station also actuated an electronic delay 
circuit that could be preset to trigger a spark light source at the working section 
of the tube at any desired time after the shock had passed the second timing 
station. The spark gap was the light source for a schlieren system at the working 
section of the tube; thus, schlieren photographs of shock waves at various 
positions in the working section could be obtained. 


(ii) The schlieren system at the working section 
The schlieren system is shown diagrammatically in figure 4. The source of light 


was provided by the discharge across a spark gap of an 0-25 ”F condenser charged 
to 10,000 V. The light was focused on the first knife-edge by the lens Z, and then 
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Figure 4. Diagram of schlieren system. 
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Figure 5. Diagram of first wedge system. 


collimated by the lens L,. The collimated beam passed through the working 
section of the shock tube and was then reflected by the concave mirror M, which 
brought the light to a focus at the second knife-edge. The light then passed into a 
camera which was focused on the working section of the shock tube. 


(iii) The wedge systems 
One wedge system is shown diagrammatically in figure 5. This was made from 
ground steel and the whole unit could slide into the shock tube where it could be 
clamped at any desired position relative to the working section. 
After a series of pictures had been obtained with the wedges in one position the 
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whole assembly could be moved to another position and a further series of pictures 
obtained, thus extending the range of ¢ beyond the diameter of the working. 
section windows, over which information about the behaviour of the shock could 
be recorded. It was also necessary to have a second and longer wedge system in 
order to obtain pictures of the flow at distances from the wedges greater than the 
length of the first wedge system. 

The wedges were designed to satisfy as far as possible the conditions assumed 
in Freeman’s linearized theory. In this respect a compromise had to be made: 
wedges of very small angle, satisfying the conditions of linearized theory, are 
difficult to make; furthermore, it would be difficult to measure accurately the 
small distortions in the shock wave caused by wedges of very small angle. 
The wedges used had an angle of 11-3°, and the dimensions and spacing of the 
wedges was such that the condition for reinforcement of the disturbances from 
each wedge held approximately over the range of shock-wave Mach numbers 
investigated. 

(iv) Measurement of shock-wave shapes 
The co-ordinates of the shock waves were measured directly from the film records 
by means of a measuring microscope equipped with a travelling stage movable 
in two perpendicular directions. The positions of the compressions travelling 
along the shock waves were also noted, except in the cases of shocks a long distance 
past the wedges when the compressions become too weak to be observable. 

It was found by experience that any measurement could be repeated with an 
accuracy of better than 0-001 in. An estimate of the setting error of the measuring 
microscope is + 0-0005in., which corresponds to + 0-0003 channel widths. 


3. Results 

Shock waves of Mach numbers 1-165, 1-41 and 1-60 were investigated. 
A sequence of photographs showing a shock wave of Mach number 1-41 passing 
over the wedges and along the parallel channel is shown in the composite picture 
of figure 6, plate 1. The numbers below the picture give the distance in channel 
widths along the channel measured from the trailing edges of the wedges. 

The results obtained by plotting the measured shock-wave co-ordinates are 
shown in figure 7a. In this picture the scale in the direction along the channel 
has been made 10 times greater than the scale perpendicular to the channel, thus 
serving to emphasize the shock-wave perturbations. It can be seen from figure 6, 
plate 1, that the compression waves arising from the leading edge of one wedge 
and the trailing edge of the opposite wedge are very close together on the shock 
wave, indicating that the condition for reinforcement holds very nearly. The 
actual shape of the shock wave at any instant depends on the positions of the 
compression waves. 

Some idea of the rapidity with which the shock tends to plane form may be 
gained from figure 7a. Over the length of the channel shown (approximately 
3 channel widths) the compressions travel across the channel 1} times, and the 
maximum perturbation of the shock at the end of this short distance is only about 
one-tenth the perturbation when the shock is just past the wedges. 
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4, Comparison between theory and experiment 

The rather complicated function denoted by F in equation (1) and given 
explicitly in equations (2) and (3) may be represented adequately by a sine curve 
provided that (a, k,/U) (1/6) is not too far removed from unity, i.e. if the condition 
for reinforcement is realized. For the three shock-wave Mach numbers investi- 
vated, (a, k,/U) (U/b, was close enough to unity to render t he above approximation 


a7 
ee nS , 
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FIGURE 7a. Measured shock wave co-ordinates for M, = 1-41. 
FIGURE 7b. Shock wave co-ordinates calculated using Lighthill’s theory. 
The scale in the direction along the channel is 10 times the perpendicular scale. 


a,k, l 
M, U b Approximate form for F'(«) 
1-165 0-799 5-11 sin («— 3-91) 
1-4] 0-952 5-64 sin (« — 3-91) 
1-60 0-965 5-64 sin («7 — 3-91) 
TABLE | 


for F(x) valid. The values of (a,k,/U) (I/b) and the corresponding values of F(«) 
for the three shock-wave Mach numbers investigated are shown in table 1. It is 
seen that, for the shock-wave Mach numbers under consideration, F(a) has the 
approximate form A sin («— 3-91). On substituting this approximate value for 
F(a) in equation (1), the following expression for the perturbation is obtained: 


s €¢ & _ (Mak, o | 
—-_= ya. S = ~ —<¢ 9] 308 e 4 
b l (€ b): sai l b , ) ss ( b } (*) 


According to this expression, the perturbation is a standing wave in the form of 
a cosine curve. 

Direct comparison between the theoretical expression (4) and the experimental 
results cannot be made because the position of the plane unperturbed shock from 
which the perturbations must be measured is not known accurately enough. In 
order to overcome this difficulty, a quantity called the ‘total perturbation’ has 
been introduced. This is defined as the difference between the extreme positions 
of a perturbed shock wave measured in the direction of propagation (figure 8). 

The theoretical expression for the magnitude of the total perturbation / is 
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where all lengths have been made non-dimensional by dividing by the channel] 
width 26. In this system, x is the distance along the channel measured from the 
trailing edges of the wedges. Experimentally, the total perturbation is readily 
determined from the plotted shock shapes. 


4.1. Analysis of the experimental results 
For comparison with theory, a function was chosen of a form similar to the 
theoretical expression, and the parameters in this function were evaluated to 
give the best fit to the experimental results by the method of least squares. 





a perturbation 








Figure 8. Sketch defining total perturbation of shock wave. 


The function chosen to fit the experimental results was 


G 


Sh as 
Y™ (+ 0-883)" 





sin [m(x + 0-883) + p]|, 


where n, G, m and p are the parameters to be evaluated. m and p are easily deter- 
mined; on the other hand, to evaluate G and n it was found convenient to 
minimize SX(logy—logy’)?, where yy’ is the measured total perturbation. 
Evidently, the values of G and n obtained in this way would not be exactly the 
same as those found by minimizing X(y~ — 7y’)?, but they led to curves which fitted 
the experimental points quite well. 

This analysis was carried out for shock waves of Mach numbers 1-41 and 1-60, 
but proved unsuccessful for shock waves of Mach number 1-165 (see figures 9-11). 
From the experimental results for 1/, = 1-165 (figure 11), it can be seen that the 
period of oscillation of total perturbation did not remain constant; therefore it was 
impossible to find constant values for m and p, and the analysis failed. 
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The results for M, = 1-41 and 1-60 in figures 9 and 10 show that for values of x 
oreater than about 4 the measured perturbations behaved in an erratic manner 
and ceased to decrease with increasing 2. Possible reasons for this behaviour will 
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Ficure 9. Graph of total perturbation vs distance. O, Experimental results; —, fitted 
curve; ——-—, theoretical curve. 
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Ficure 10. Graph of total perturbation vs distance. O, Experimental results; —, fitted 
curve; ——-—, theoretical curve. 


be discussed later. These anomalous results were not used in the analyses, and the 
fitted curves are shown extending over the results that were used. The perturba- 
tions of the shock waves before the compressions from the trailing edges of the 
wedges had travelled across the channel once were not included in the analyses 
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either for, at such an early stage in the stabilization of the shock wave, the regions 
of the shock near the junctions of the compressions and the shock had not 
expanded far enough to affect much of the shock wave. 

The results found for n and G at JM, = 1-41 and 1-60 are tabulated in table 2 
together with the theoretical values of these quantities given by Freeman’s 
theory. 

In assessing how well the ‘best’ curves fit the experimental results, the errors 
in the determination of the total perturbations must be considered. There are 
two sources of error: (a) Each point on the graph is determined from measurements 
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FicurE 11. Graph of total perturbation vs distance. O, Experimental results; 


-, fitted curve; ———, theoretical curve. 
vb G 
M, Experiment Theory Experiment Theory 
1-4] 1-45 1-5 0-066 0-157 
1-60 1-65 1-5 0-090 0-273 


of different shock waves; the Mach numbers of these shock waves all agree to 
better than 1 °%. The effect of the small scatter in shock-wave Mach numbers was 
estimated by obtaining pictures of shock waves of the same nominal Mach 
number at the same position in the channel. This was done for M/, = 1-60, and the 
effect on the perturbation of the scatter in Mach number was found to be very 
small indeed, much less in fact than the deviation of some of the experimentally 
determined points from the fitted curve. (b) The error in the actual measure- 
ment of the perturbation has already been discussed. This is less than the 
deviation of some of the points from the fitted curve. 


It seems likely that the form of the function chosen to fit the experimental 





results is too simple to give an adequate description of the phenomenon. It should 
be borne in mind that the form of the function chosen to fit the experimental 
results is the same as the form of the theoretically derived function which is valid 
only at a large number of channel widths beyond the wedges. Although the 
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FIGURE 12 (plate 2) 
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FIGURE 13 (plate 2). Photograph showing wake behind shock wave. 
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theory is valid only at large distances beyond the wedges, there is agreement with 
experiment in certain respects. The points on which theory and experiment agree 
are summarized below: 

(a) The period of oscillation of the theoretical and experimental values of 
iy compare well. 

(b) The experimentally determined law for the decay of the perturbation with 
distance compares well with the law given by theory, viz. a ¢-4. 

The points of difference between experiment and theory are as follows: 

(c) The theoretical expression for the perturbation given by equation (4) shows 
that the shock shape should be a cosine curve for the shock-wave Mach numbers 
under consideration. This was not observed experimentally. The theory also 


d 
P 


indicates that the shock perturbations should become small, i.e. O(¢/b)-?, at 
regular intervals along the channel; observation showed that, although the shock 
did not become plane, the perturbations did become very small at regular 
intervals. 
(d) Thereis a phase difference between the theoretical and experimental results. 
(e) The maximum total perturbations predicted by theory are considerably 
greater than those observed experimentally. 


Comparison between the observed shock shapes and those given by direct application 
of Laghthill’s theory of diffraction of blast 

Freeman’s theory is based on Lighthill’s theory but holds good only for a/b > 1. 
Direct application of Lighthill’s theory may be expected to give better agreement 
with experiment near the origin. Shock shapes were calculated for M, = 1-41 using 
Lighthill’s theory: these calculated shock shapes are shown in figure 7b, where 
they can readily be compared with the experimental shapes of figure 7a. (The 
dotted lines are expansion pulses which arise from the apex of each wedge.) 

From figure 7b it is seen that the curvatures of the theoretically determined 
shock shapes tend to be concentrated in smaller regions of the shock waves than 
observed in the experiments. This is due to the fact that the theory, which is 
linear, treats the expansion waves as localized pulses travelling along the shock 
wave whereas, as can be seen from figure 12, plate 2, the expansion wave tends to 
become diffuse and meets the shock over a region of its length rather than at one 
point. This spreading out of the expansion waves (which is explained, at least 
qualitatively, by the non-linear theory of Whitham 1957) tends to make the 
curves in the shock shape smoother than those given by the linearized theory. 


4.2. Discussion on the irregular character of the perturbations at the 
largest values of x investigated 

From figures 9-11 it can be seen that the perturbations cease to decay in a regular 
manner beyond a certain distance along the channel. It is here suggested that 
this erratic behaviour may be attributed to the formation of a wake at the apex 
of each wedge after the passage of the shock wave. These wakes will lead to 
attenuation of the shock wave since they represent sinks of energy. It has been 
shown theoretically by Hollyer (1956), and by Trimpi & Cohen (1955), that the 
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growth of a boundary layer on the shock tube walls can account for observed 
shock-wave attenuation. The theoretical work treats the problem one-dimep. 
sionally and serves to give an overall attenuation of the shock wave, whereas in 
the present discussion interest centres on the two-dimensional effects of the wakes 
on the shock wave. A picture of the separated flow over the wedges is shown in 
figure 13, plate 2. This picture shows the situation 685 sec after a shock wave of 
Mach number 1-41 had passed the apexes of the wedges. The well-developed wake 
can be observed and it is to be expected that this will affect the shock wave 
propagating along the channel. A certain time must elapse after the passage of 
the shock wave before a wake is formed. Whilst. the wake is forming and also 
when it has formed, the main shock wave will be attenuated by propagation of 
expansion waves from the wake. This process will take a certain length of time 
after the shock wave has passed the wedges; therefore it may be expected that any 
effect the wake would have on the shock would only become apparent after the 
shock wave had travelled some distance along the channel. It is in fact observed 
that the results become erratic at a certain distance past the wedges. 


The author is indebted to Prof. P. R. Owen and Prof. M. J. Lighthill for 
suggesting the experiment. Dr N. C. Freeman gave valuable help in discussions 
on the theoretical aspects of the problem. During the period of research the author 
was assisted by a grant from the Department of Scientific and Industrial 
Research. 
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TENTH INTERNATIONAL CONGRESS OF 
APPLIED MECHANICS 


The Tenth International Congress of Applied Mechanics will be held in the 
Congress Building at Stresa (Italy) from Wednesday, 31 August through Wednes- 
day, 7 September 1960. 

Apart from a number of invited general lectures the technical sessions of the 
Congress will be held in two sections, viz.: 


SgcTion 1: Fluid dynamics (hydrodynamics and aerodynamics). 


SEcTION 2: Mechanics of solids (rigid body dynamics, vibrations, elasticity, 
plasticity and theory of structures). 


It should be noted that thermodynamics and computational methods as such 
are not included, although specific applications of computational methods to 
pertinent problems of one of the two sections mentioned above are acceptable 
subjects for papers to be read at the Tenth Congress. 

Previous Congresses have demonstrated the desirability of an adequate period 
of time for the presentation and discussion of individual papers. In order to 
allow a period of 45 minutes for each paper (30 min. for presentation and 15 min. 
for discussion) a Programme Committee will make a selection from papers sub- 
mitted for presentation. Abstracts of papers should be submitted in four copies 
to the Secretary of the International Committee (W. T. Koiter) before 1 January 
1960. Preferably they should not exceed two type-written pages (doubly-spaced) 
and in no case should they exceed four pages. In order to facilitate the work of 
the Programme Committee it is recommended that abstracts be in two of the 
official Congress languages (English, French, German and Italian). Authors are 
urged to make their abstracts as clear as possible, since selection of papers has to 
be based upon them. Decisions of the Programme Committee are final, and it will 
be understood that it is impossible to enter into correspondence about them with 
authors of papers. They will be informed promptly of the decision on each paper. 

Day-to-day organization of the Congress is in the hands of the Italian 
Organizing Committee (President: Prof. G. Colonnetti; Secretary: Dr F. Rolla, 
Consiglio Nazionale delle Ricerche, Ufficio relazioni internazionali, Piazza delle 
Scienza 7, Roma). All correspondence (apart from submission of papers) should 
be addressed to the Italian Organizing Committee. Information on accommoda- 
tion, also registration forms, will be obtainable from Dr Rolla after 1 September 


1959. 


The Executive Committee of the International 

Committee for the Congresses of Applied Mechanics 
C. B. BreEzEeNoO, President; RICHARD V. 
SOUTHWELL; W.T. KoITER, Secretary; 
(Prof. Mekelweg 2, Delft, Netherlands). 
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